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Abstract— Conventional tensor completion (TC) methods generally assume that the sparsity of tensor-valued data lies in the
global subspace. The so-called global sparsity prior is measured
by the tensor nuclear norm. Such assumption is not reliable in
recovering low-rank (LR) tensor data, especially when considerable elements of data are missing. To mitigate this weakness,
this article presents an enhanced sparsity prior model for LRTC
using both local and global sparsity information in a latent LR
tensor. In specific, we adopt a doubly weighted strategy for
nuclear norm along each mode to characterize global sparsity
prior of tensor. Different from traditional tensor-based local
sparsity description, the proposed factor gradient sparsity prior
in the Tucker decomposition model describes the underlying
subspace local smoothness in real-world tensor objects, which
simultaneously characterizes local piecewise structure over all
dimensions. Moreover, there is no need to minimize the rank
of a tensor for the proposed local sparsity prior. Extensive
experiments on synthetic data, real-world hyperspectral images,
and face modeling data demonstrate that the proposed model
outperforms state-of-the-art techniques in terms of prediction
capability and efficiency.
Index Terms— Enhanced sparsity prior, factor gradient sparsity, global and local sparsities, low-rank (LR) tensor completion
(TC), Tucker decomposition.
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I. I NTRODUCTION

L

OW-RANK tensor completion (TC) based on sparsity
assumption has gained significant research interests in
particular for handling data of very high dimensionality. Tensors effectively represent latent structural information of multidimensional data; for instance, a hyperspectral image (HSI)
can be expressed as a third-order tensor of rows, columns, and
spectral bands. Such representation perfectly reveals the structural information based on strong interactions among within
dimension and joint dimension. Established tensor-based theory [1]–[3] has been successfully applied to the fields of
image inpainting [4]–[6], pattern recognition [7], [8], and face
modeling and analysis [9]. In practical applications, acquired
data are often missing or incomplete. TC is a recovery problem
that aims at estimating the values of missing elements of tensor
data. When considering the relationship between the missing
and available elements, structural prior information of tensor
data is complex and often more underdetermined compared
with the structural priors of matrix data. Extracting useful
information about the underlying tensor structure is crucial
to alleviate this issue.
Tensor rank minimization approaches have been commonly
utilized in TC problems. In general, they can be solved by
low-rank (LR) approximation techniques as rank estimation
problems in matrix case. For example, the rank of a tensor
can be determined as the smallest number of rank-1 tensor
components r that requires a CANDECOMP/PARAFAC (CP)
decomposition [10]. Typically, the mode-k rank(r1, . . . , rk )
estimated by the Tucker decomposition is used instead of
the minimum [11], [12]. As a generalization of matrix sparsity measures, tensor sparsity based on nuclear norm has
adopted LR properties as a constraint in TC [13]–[16]. Similar approaches [17]–[20] redefine tensor rank approximation
formulations with more relaxations to prominently alleviate
the rank estimation bias based on the tensor nuclear norm.
For LRTC, such conventional methods are useful but only
to a certain extent. Conventional approaches utilized only the
sparsity prior along each mode independently. This limits the
use of prior knowledge of close multilinear interactions among
multiple dimensions of a given tensor object.
LR tensor decomposition (LRTD) [21], [22] is another
research mainline for TC, which deals partially with the
drawbacks of tensor rank minimization. LRTD provides an
authentic description to simultaneously encode multimode correlations of the within-dimension and joint-dimension modes.
The challenge with LRTD, however, is to design a suitable
decomposition model to represent the LR structure of a
degraded tensor data caused by missing entries. Weighted

2162-237X © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
2

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

tensor decomposition schemes, including the weighted Tucker
decompositions [23], weighted CP decompositions [24], and
weighted LRTD [25], are feasible strategies to generate
richer priors of the observed data. They are adaptable and
robust to the missing elements attributed to richer priors
of observed data. With the help of statistical priors, recent
LRTD approaches utilize the Bayes framework to enhance
prediction and the learning capabilities of the TC model
[26]–[29]. Some investigated the multilinear graph embedding
for TC [30]–[32] because of its intrinsic advantage to describe
the manifold structure of tensor data. This adds stronger LR
assumption and, subsequently, enhances the performance of
LRTC. However, as the LRTD-based TC methods are sensitive
to the given ranks, its performance can be affected when the
prior knowledge of the ranks is inaccurate. In a tensor-SVD
(t-SVD) decomposition framework [33]–[35], a tensor data
can be represented by a defined t-product operator with
circular convolution and multiplication operation between the
elements. The tensor recovery models are established based
on the definition of tensor multirank and tensor tubal-rank
under t-SVD [34]–[39]. The studies in [36] and [37] indicate
that the tensor nuclear norm based on t-SVD outperforms the
traditional Tucker decomposition for tensor recovery tasks.
In [38], the Schatten- p norm based on t-SVD is proposed
to better approximate the tensor multirank [34], [35], and the
latter serves as a tighter regularizer for the LRTC problem. For
specific applications, various versions of tensor nuclear norm
are discussed in [39].
By employing local piecewise smoothness prior to regularize image recovery, the total variation (TV) minimization
approach [40] has opened new opportunities in image processing and pattern recognition applications [11], [41]–[43]. In TC
problems, the TV term is commonly incorporated into an
LR framework to jointly characterize local piecewise continuous and global LR structures along different dimensions
[44]–[49]. Wang et al. [44] first utilized the spatial–temporal
information of a video clip to improve the performance
of TC. For some special cases, the nuclear norm of each
individual video frame and smoothness regularization were
utilized to characterize, respectively, the spatial correlations
among pixels and the video content continuity in temporal
direction. To address the drawbacks of LR matrix factorization
for TC [45], [46], a popular approach is to add the TV
regularizer on the single or multiple directions to alleviate
artifacts [47], [48]. In [49], a generalized tensor TV norm was
presented by considering both inhomogeneity and multidirectionality of responses to derivative-like filters. However, those
approaches argued that the smoothness was embodied in the
original domain, which only reflects intuitional and superficial
structures.
Although the above-mentioned TC researches show great
success in dealing with various issues, three major open
questions have yet to be addressed.
1) Considering that the global sparsity is rationally measured by easily weighting the sum of ranks along all
tensor modes [13]–[16]. Both the rank relaxation along
each mode and the weighted sum of ranks are short of
a clear physical meaning for tensor-valued data. Thus,
how to adopt intrinsic physical meaning to relax tensor
rank is an important issue in dealing with many practical
problems.

2) The current depiction for TV-based local sparsity of a
tensor is only used for low-level vision tasks [44]–[49].
Is it possible to provide a new characterization for tensor
local sparsity by introducing the tensor LR property
from the perspective of subspace sparsity, which is a
common subspace LR learning tool for middle-level
vision tasks?
3) Does the resulting TC model satisfy a tighter sparsity measurement than that of the traditional sparsity expression using combined tensor nuclear norm
(global sparsity) and TV regularization (local sparsity)?
What is even more interesting is to build the correlation between missing elements and known ones by
exploiting the global and local sparsities in a tensor
object.
This article presents answers to those questions. For tensor
local sparsity, we assume the latent piecewise smooth characteristics on factor components in the Tucker decomposition
framework, and the local sparsity can be measured by factor
gradient sparsity. For tensor global sparsity, we use a recent
weighted nuclear norm scheme [50] to redefine the global
sparsity of a tensor as a generalization of the matrix case.
Then, we develop a new TC framework that combines global
and local sparsities priors together. The main contributions of
this article are summarized as follows.
1) Motivated by [18] and [50], we first use weighted
nuclear norm with a clear physical meaning to relax
the rank along each mode. Then, the weighted multiplication (instead of the sum) of ranks is used to
encode the global sparsity prior inside the tensor
object. Such a formulation can deliver a self-adaptive
weight according to the correlation level of a certain
mode.
2) Beyond using local sparsity description technique based
on traditional TV operation on the data domain, we consider factor gradient sparsity prior with the Tucker model
as an effective constraint to characterize the underlying
subspace local structure of tensors. The local sparsity
representation inherently builds a bridge to connect lowand middle-level vision tasks.
3) To deal with a tensor-valued data with incomplete
entries, we propose a method called enhanced sparsity
priors for LRTC (ESP-LRTC) to simultaneously encode
global and local knowledge of a general tensor.
The sparsity measurement in 1is simple yet useful to
ameliorate the limitations of the currently utilized tensor
nuclear norm. We can conduct tensor decomposition
with latent factor prior constraint in 2) to avoid rank
estimation bias. An efficient optimization algorithm
based on the alternating direction method of multipliers
(ADMM) [51] is used to solve the proposed ESP-LRTC
problem, in which each variable and involved parameter
can be updated by the closed-form equations. Extensive experiments on synthetic and real data have been
conducted. The remainder of this article is organized
as follows. Section II introduces the notations and
operations of tensors used in this article. Section III
presents the proposed ESP-LRTC and the corresponding
optimization algorithm. Section IV demonstrates the
results and discussion for extensive experiments and
Section V draws the conclusion.
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II. N OTATIONS AND R ELATED W ORKS
A. Notations
A brief overview of tensor notations and decompositions
can be found in [1]. A lowercase letter and an uppercase
letter denote a vector and a matrix, respectively. An Nthorder tensor is denoted by a calligraphic upper case letter
X ∈ R I1 ×I2 ×···×I N . The innerproduct of two tensors X
and Y is defined as X , Y = i1 ,...,i N x i1 ,...,i N yi1 ,...,i N . The
F-norm of a tensor is defined as X  F = (X , X )1/2 . The
“unfold” operation along the mode-n on a tensor X is defined
as unfoldn (X ) := X(n) ∈ R In ×(I1 ×···×In−1 In+1 ×···×I N ) , and the
opposite operation “fold” is defined as foldn (X(n) ) := X . The
Kronecker product of matrices A ∈ R I ×J and B ∈ R K ×L is a
matrix of size I K ×J L, denoted by A⊗B. Besides, the mode-k
multiplication of a tensor X by a matrix Y ∈ R Ik ×Jk is also an
Nth-order tensor, denoted by X ×k Y = Z(∈ R I1 ×···Jk ×···×I N ),
which can be computed on mode-k unfolding as Z(k) = Y X(k) .
Definition 1 (Tucker Decomposition [1]): The Tucker
decomposition form of a tensor is
X = S×1 U1 ×2 · · · × N U N
(1)
where S ∈ R J1 ×J2 ×···×J N is the core tensor and it reflects
the interaction between components along the different modes,
and U n ∈ R In ×Jn is the orthogonal factor matrix along each
mode. Furthermore, we can achieve the k-unfolding form of
the Tucker decomposition in (1) as
X(n) = Un S(n) (U N ⊗ · · · ⊗ Un+1 ⊗ Un−1 ⊗ · · · ⊗ U1 ).

Various algorithms [13]–[16] can be used to solve (6)
based on ADMM [51] or the Douglas–Rachford splitting
[52] methods. In [17]–[20], several new nonconvex relaxation
forms are presented for tensor rank with the purpose to partly
overcome estimation bias of the formulation based on the
tensor nuclear norm.
The smoothness prior is another important information often
leveraged for LRTC problem, which reflects local piecewise
property of a tensor. Various LRTC methods took into account
the joint constraints of low rankness and smoothness in
[43]–[49], and this combination is quite efficient. In general,
one can achieve the following TC problem based on the
combination model:
min X ∗ + λX T V , s.t. X = Y
X

(7)


where X T V : =
i, j,...,k w1 |x i, j,...,k − x i, j,...,k−1 | +
w2 |x i, j,...,k − x i, j −1,...,k | + · · · + w N |x i, j,...,k − x i−1, j,...,k | is
an anisotropic TV term. The parameter λ > 0 is a tradeoff between low rankness and smoothness. The optimization problem can be solved via the ADMM-based scheme.
These methods [43]–[49] can be considered to be excellent
approcaches for LRTC, especially the recent TC model [47]
combining the TV regularization and LR matrix factorization.
However, enhanced sparsity prior based on the principle of
global and local information has not been thoroughly studied,
theoretically and practically.

(2)

B. Related Works
The LRTC problem based on the sparsity assumption has
been widely studied and its robustness against missing data is
well known. Given a tensor data, a fundamental approach to
LRTC is tensor rank minimization
min rank(X ), s.t. X = Y
(3)
X

where X and Y are the completed and incomplete tensors,
respectively,  denotes the indices of the available elements
of Y, the equation X = Y means that X (i, j, . . . , k) =
Y(i, j, . . . , k),(i, j, . . . , k) ∈ , and rank(X ) denotes the
rank of tensor X . However, the tensor rank is not a convex
function with respect to X like matrix rank. Thus, the tensor
nuclear-norm minimization method is introduced in practice
min X ∗ , s.t. X = Y
(4)

III. P ROPOSED E NHANCED S PARSITY P RIOR FOR LRTC
This article proposes a new algorithm based on enhanced
sparsity prior considering both global and local information
for LRTC. Given the limitation of the tensor nuclear norm
under Tucker rank circumstances, we provide a new scheme
to measure the global sparsity of tensor data. Then, we search
for the subspace sparsity, or factor gradient sparsity prior
based on Tucker decomposition, to describe local sparsity,
which is a powerful representation than the direct smoothness
constraints on tensor itself. Afterward, we present an enhanced
sparsity prior with the integrative consideration for global and
local sparsities and use the maximum a posteriori (MAP)
strategy to deduce the LRTC model. Furthermore, we design
the optimization algorithm based on ADMM to solve the
proposed ESP-LRTC problem.

X

N
where X ∗ =
n X(n) ∗ (αn s denotes a constant
n=1 α
N
satisfying αn ≥ 0 and
n=1 αn = 1). By introducing the
auxiliary variables Mn = X (n = 1, 2, . . . , N), we obtain
the following equivalent formulation:
N

min
αn Mn(n) ∗
X

n=1

s.t. Mn = X , X = Y .

(5)

Replace the matrix Mn(n) with its tensor version Mn , and
then, consider the augmented Lagrangian function for (5) as
N

L ρ (X , M1 , . . . , M N , P 1 , . . . , P N , ρ) =
αn Mn(n) ∗
n=1

μ
+ X − Mn , Pn  + X − Mn 2F . (6)
2

A. Tensor Sparsity Analysis
Conventionally, a sparsity prior is based on the assumption
that the sparsity of a vector is assessed by the number of the
Kronecker bases [53], and the sparsity of a matrix is measured
by its rank [54]. To effectively apply tensor modeling in
various domains, the accurate measurement of the sparsity
of a tensor is crucial. Several studies have used nuclear
norm minimization under the Tucker decomposition [54] to
generalize the rank of a matrix to represent the sparsity of a
tensor [12]–[18], which can be interpreted as the sum of ranks
(or its relaxations) along all tensor modes. This approach for
sparsity presentation is straightforward, but there are concerns
because this simple rank-sum scheme is not always rational
without a specific physical meaning for a tensor. In addition,
there is little theoretical support for random allocation of
the weights in the rank-sum scheme. In [1], the Kronecker
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Fig. 1. Analysis of factor gradients sparsity. (a) HSI tensor from data sets. (b) Factor gradient sparsity Tucker decomposition model. (c) Statistics of factor
gradient histograms on three modes. (d) Statistics of corresponding cumulative histograms. (e) Distribution of factor gradient sparsity on three modes.

bases are also used to measure the sparsity of a tensor [53],
and an in-depth analysis of such approach can be found in
[4] and [18]. Following this idea, we can formulate the global
sparsity representation
SG (X ) =

N


αn X(n) w,∗ .

(8)

n=1

The sparsity formulation consists of two components: rank
relaxation along each mode and weighted multiplication of
ranks for all modes. The weighted nuclear norm in (8) follows
the strategy in [50] that shows better robustness and flexibility
than traditional nuclear norm in improving the performance of
image restoration. The weighted nuclear norm of matrix X(n)
is formulated as

wi σi (X(n) )
(9)
X(n) w,∗ =
i

where wi ≥ 0 is the nonnegative weight for σi (X(n) ). For the
given matrix data, since larger singular values (energy level)
represent more important knowledge of data and should be less
shrunk, it is reasonable to set the weight wi to be inversely
proportional to σi (X(n) ), that is
wi =

1
σi (X(n) ) + ε

(10)

where ε is a small constant value. Equation (8) borrows
the rank weighting multiplication mechanism in [17] and
provides a self-adaptive scheme to determine the weights
αn (n = 1, . . . N) that are highly consistent with the prior
knowledge
underlying this tensor object. Therefore, we set

αn = k =n X(k) w,∗ , as suggested by [3].
The above-mentioned tensor sparsity generalizes the global
information along each mode, called the tensor global sparsity
prior. While it is simple, it lacks a powerful description of
local information of a tensor. For a tensor, each factor in the
Tucker framework represents latent information corresponding
to mode, and the auxiliary valuable information based on
within-dimension and joint-dimension relevant prior is usually

revealed. In other words, we can use latent factor (or subspace)
prior to depict the local sparsity of a tensor. This article
chooses local sparsity prior based on the assumption in the
latent tensor data: the within-/joint-dimension correlations of
the tensor data ensure local piecewise similarity or local
smoothness.
Definition 2: For an Nth-order tensor X , we formally define
its local sparsity of a tensor as
p

p(Un ) = L n Un  p (n = 1, . . . , N)

(11)

where L n ∈ R(In −1)×In is a matrix, [L n ]i,i = 1, [L n ]i,i+1 =
−1, and the other entries are zeroes, and p is a parameter
for selecting the types of sparsity constraints. In particular, we obtain the sparsity constraint based on the Laplace
distribution with p = 1 or the Gaussian distribution with
p = 2. We call the above-mentioned statistical observation
or knowledge as the factor gradient (local) sparsity prior.
Correspondingly, we call the Tucker decomposition with factor
gradient sparsity as a factor gradient sparsity Tucker decomposition.
Definition 3: For an Nth-order tensor X , we define the
factor gradient sparsity Tucker decomposition as
p

min L n Un  p , s.t. X = S×1 U1 ×2 · · · × N U N .

S ,Un

(12)

Local sparsity of a tensor exists in multispectral or RGB
images, as objects, such as roads and buildings, have the
local similarity of similar materials. Videos with dynamic
foreground and static background result in strong continuous
property between video frames, and the repeatability of static
background along temporal domain and the smoothness of
dynamic foreground along spatial and temporal domains can
be treated as local sparsity. If we use tensor to describe an
HSI, the hyperspectral imaging system captures hundreds of
spectral bands for a scene, which has high local spectral
correlation, and the local spectral correlation contributes also
to local sparsity.
To verify the usefulness of local sparsity, we devise experiments with an HSI from an open-source data set. The HSI
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Fig. 2.
Visual display for tensor-enhanced sparsity prior measure.
(a) Third-order tensor X . (b) LR Tucker decomposition. (c) Factor gradient
sparsity Tucker decomposition. (d) Enhanced sparsity prior.

data are prescaled into [0,1]. Fig. 1 shows the process to
generate cumulative histograms [see Fig. 1(d)] from the HSI
using the factor gradient sparsity Tucker decomposition model
[see Fig. 1(b)]. The factor gradient histograms on three modes
are shown in Fig. 1(c); 90% of the values are below 0.1,
and approximately 20% are zeros, as shown in Fig. 1(d).
This statistic gives very powerful support to our factor gradient sparsity prior. We will call the auxiliary information
as factor priors and exploit the factor gradient sparsity to
capture a tensor subspace smoothness representation for LRTC
task. We call the above-mentioned statistical observation or
knowledge, i.e., most entries of p(Un ) tend to be zeroes or
with very small values, the factor gradient (local) sparsity
prior. Fig. 1(e) represents the factor gradient sparsity distributions along two spatial modes and one spectral mode of
the HSI tensor. The distribution at each factor is similar to
the generalized Gaussian distribution (GGD) [55], [56] with
zero mean and variance σ 2 . Therefore, we assume that the
factor gradient sparsity follows an independent zero-mean
distribution with variance σ 2 in the formulation in (11),
i.e., p(Un ) = L n Un 22 (n = 1, . . . , N).
B. Enhanced Sparsity Prior Measure
Employing the tensor sparsity measure based on the Tucker
decomposition and the factor gradient sparsity Tucker decomposition, the proposed enhanced sparsity prior measure for a
tensor X is of the following expression:
S(X ) = γ

N

n=1

αn X(n) w,∗ +

N


ρn L n Un 22

(13)

n=1

where γ is the tradeoff parameter of two terms. The first term
in (13) is a regularization for the LR property of the tensor
subspace spanned along each mode, essentially measuring the
global sparsity for a tensor. The second term reflects subspace
local smoothness of tensor objects, which is superior to the
traditional TV constraint in respect of subspace learning capability. Instead of directly enhancing piecewise smoothness for
each dimension of the object, the smoothness constraint of the
low-dimensional manifolds provides a theoretical foundation
for the local sparsity description of the proposed method.
Fig. 2 gives a visual display for the tensor-enhanced sparsity
prior measure.

The advantages of the proposed factor gradient sparsity
constraint can be summarized in three aspects.
1) It builds on the Tucker decomposition that has the
merit of tensor decomposition from the perspective of
subspace representation. The factor in each mode can
be interpreted as the subspace feature corresponding to
each dimension. Description of the original tensor using
the subspace feature is easily achieved by multilinearly
multiplication with factor matrices and core tensor. The
factor gradient local) sparsity is expected to produce
higher quality TC, as will be demonstrated by our
experimental results.
2) Existing TV regularization [44]–[49] remains elusive for
the subtle relationship between local sparsity (widely
used for low-level vision tasks) and subspace representation (a common tool for the middle-level vision). The
proposed local sparsity prior connects two classes of the
most promising ideas under a unified theoretic framework, i.e., the factor gradient sparsity Tucker decomposition. Due to the inverse projection property of factor
matrices on core tensor, we can show the equivalence
between subspace- and original-domain representations
of this new term.
3) The estimated rank essentially reflects the low rankness
of subspace spanned upon each tensor mode. With the
underlying factor prior, there is no need to preset the
rank of the Tucker decomposition, which largely promotes the believable representation capability of tensor
subspace. The integrative consideration in the proposed
local sparsity measure facilitates a tensor with the LR
property of the tensor subspace along each mode; this
is expected to alleviate the aforementioned limitation in
the Tucker decomposition [23], [25]–[29].
C. MAP Formulation
We focus on the enhanced sparsity prior for LRTC and its
MAP formulation as follows:
{S, U1 , . . . , U N , X } = arg max p(X , S, U1 , . . . , U N |Y)
= arg max p(Y|X ) p(X |S, U1 , . . . , U N )
(14)
× p(X ) p(S) p(U1 , . . . , U N ).
Extending MAP formulation to noisy cases, we suppose p(Y|X ) = exp(−X − Y  2F ). The modeling of
U1 , U2 , . . . , U N characterizes the intrinsic LR prior, while it
also factually presents another significant prior: subspace local
smoothness of tensor objects. With the smooth assumption and
the prior probability p(U1 , U2 , . . . , U N ), the proposed factor
priors are defined as



p(U1 , U2 , . . . , U N ) =
(15)
exp − ρn L n Un 22 .
n

We mainly concentrate on the local sparsity knowledge in
the Tucker model and circumvent the unfavorable recovery
results produced by the tensor rank estimation deviation.
Therefore, the improved tensor rank minimization in (10) is
introduced as a global sparsity prior, and the corresponding
probability can be written as
 N

p(X ) = exp −
(16)
αn X(n) w,∗ .
n=1
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Under the assumption that every element satisfies a
zero-mean spherical Gaussian distribution [57], we define the
core tensor prior probability p(S) as




p(S) =
···
exp − βSi21 ,...,i N
i1

⎛

iN

= exp ⎝−β



···



i1

⎞



Si21 ,...,i N ⎠ = exp − βS2F

iN

(17)
where the role of p(S) here is used to prevent overfitting
of factor gradient sparsity in Tucker model. This simple yet
effective prior also avoids direct and complex TV constraints
for tensor objects. By taking the negative log probability of
(15)–(17) under the feasible set defined in (14), the MAP
formulation can be converted into a constrained minimization
problem as
{X , S, U1 , U2 , . . . , U N }
N
N


=
ρn L n Un 22 + βS2F + γ
αn X(n) w,∗
n=1

n=1

s.t. X = S×1 U1 ×2 · · · × N U N , X = Y  .

(18)

D. Optimization Algorithm Based on ADMM
To solve for the variables in (18), we introduce the auxN
N
iliary variables as {Mn = X }n=1
and {Vn = Un }n=1
. The
optimization problem (18) becomes
N 


X , S, Un , Vn , Mn n=1
N
N


=
ρn L n Un 22 + βS2F + γ
αn Mn(n) w,∗
n=1

n=1

s.t. X = S×1 V1 ×2 · · · × N VN , X = Y 
N
×{Mn = X , Vn = Un }n=1
.

(19)

Based on the augmented Lagrange formulation, one can
achieve the following optimization problem:


N
L X , S, P x , P t , {Un , Vn , Mn , Pn , Q n }n=1
N
N


=
ρn L n Un 22 + γ
αn Mn(n) w,∗
n=1
N


+

n=1

n=1

μ
Un − Vn , Pn  + Un − Vn 2F + βS2F
2

+P x , X − S×1 V1 ×2 · · · × N VN  + Mn − X , Qn 
μ
μ
+ X − S×1 V1 ×2 · · · × N VN 2F + Mn − X 2F
2
2
μ
t
2
+ X − Y , P  + X − Y  F
(20)
2
where P x , P t , Pn , and Qn are the Lagrange multipliers and μ
is a positive scalar. Now, we can optimize the problem under
the ADMM framework.
1) Optimizing {U1 , . . . , U N }: Keeping other variables constant, the optimization function with respect to Un is
{U1 , . . . , U N } =

min

{U1 ,...,U N }

N

n=1

ρn L n Un 22

2

μ
Pn

− Vn 
+ Un +
 . (21)
2
μ
F

The objective function exists in a closed-form solution.
We set the derivative of (21) with respect to variation Un and
set it to zero


Zn
ρn L n T L n Un + μ1 Un +
− Vn = 0.
(22)
μ
Furthermore, we can achieve its representation form of
solution


Zn
(23)
Un = μ(ρn L n T L n + μI )−1
− Vn .
μ
2) Optimizing {V1 , . . . , VN }: Keeping other variables constant, the optimization function with respect to Vn is
{V1 , . . . , VN }


2
N


μ
Pn

Un +
− Vn 
= min


{V1 ,...,VN }
2
μ
F
n=1

2
x

P
μ

− S×1 V1 ×2 . . . × N VN 
+ X +
 .
2
μ
F

(24)

By using mode-n unfolding, the sub-Lagrange function of
Vn can be written as (24)

2




μ
Pn
Px

2 μ 
T
min Un + −Vn  F +  X +
−Vn S(n) Q n 

Vn 2 
μ
2
μ (n)
F

(25)
where Q n = (VN ⊗ · · · ⊗ Vk+1 ⊗ Vk−1 ⊗ · · · ⊗ V1 ). We set the
derivative of (25) with respect to variation Vn and set it eaual
zero
 
 




T
Pn
Px
μ − Un +
S(n) Q nT
+Vn +μ − X+
μ
μ (n)


T
+Vn S(n) Q nT S(n) Q nT = 0. (26)
Finally, we can achieve the closed-form solution of (26) by

T 

Vn = (Un + Pn ) + (X + P x )(n) S(n) Q nT



T −1
× I + S(n) Q nT S(n) Q nT
. (27)
3) Optimizing S: Keeping other variables constant, the optimization function with respect to S is
2



1 x
μ
2

S = minβS F +  X + P −S×1 V1 ×2 . . . × N VN 
 .
2
μ
S
F
(28)
The closed form of S can be derived by setting the derivative
of (28) with respect to zero. However, the derivative matrix
will be large because of the involved Kronecker product. The
conjugate gradient (CG) algorithm approximately obtains the
global optimal solution.
4) Optimizing {M1 , . . . , M N }: By fixing other variables,
the optimization function with respect to Mn is
{M1 , . . . , M N } =

min

γ

{M1 ,...,M N }

N


αn Mn(n) w,∗

n=1

+ Mn − X , Qn  +

μ
Mn − X 2F . (29)
2
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Then, we equivalently reformulate (29) for Mn as

2

μ
Qn

− X
Mn = min γ αn Mn w,∗ + Mn +
 .
2
μ
F

(30)

According to [17] and [50], this problem has been proven to
obtain a closed form. We can now update Mn by the following
equation:
Mn = foldn (U

γ αn ,μ V

T

)

(31)

where γ αn ,μ = diag(Dγ αn ,μ (σ1 ), . . . , Dγ αn ,μ (σk ))(Dγ αn ,μ (x)
is soft-threshold operator) and U diag(σ1 , . . . , σk )V T is the
SVD of unfoldn (X − μ1 Qn ).
5) Optimizing X : We achieve the following optimization
function for variable X :


2
2

t



μ
Px
 + μ X + P − Y 
X = min 
X
+
−
L




μ
2
μ
X 2
F
F


N
2


μ
Q
 Mn + n − X 
+
(32)

2
μ
F

Algorithm 1 ESP-LRTC
Input: Observation tensor Y, the index set of the known
elements ;
(0)
(0)
(0)
1: Initialize: X = Y , X+ = mean(Y ), S (0) and Un
(0)
(0)
(0)
(0)
by Tucker
 of X , Mn = X , μ > 0,
ρn = 1 N , αn , ∀n = 1, · · · , N, β and γ ,
k = 1, ρ > 1, ε = 10−7 ;
2: for k = 1, 2, · · · K do
3: Updating all Un(k) via (23);
4: Updating all Vn(k) via (27);
5: Updating S (k) via (28);
(k)
6: Updating all Mn via (31);
(k)
via (33);
7: Updating X
8: Updating the multipliers P x , P t , Pn and Qn via (34);
9: μ(k) :=ρμ(k−1) , k := k +
21;
(K
+1)
(K
)

− X F < ε
10: While: X
11: end for
Output: Completed tensor X = X K +1

n=1

where L = S×1 V1 ×2 . . . × N VN . Its closed-form solution is
⎧
⎪
⎨X⊥ =

1
(μL − P x + T )⊥
(N + 1)μ
1
⎪
⎩X =
(μL − P x + μY − P t + T )
(N + 2)μ

(33)

N
(μMn − Qn ) and ⊥ is the complement
where T = n=1
set of .
6) Updating the multipliers P x , P t , Pn , and Qn
⎧
⎪
P x := P x + μ(X − L)
⎪
⎪
⎨P t := P t + μ(X − Y )


(34)
⎪
Q
:=
Q
+
μ(M
−
X
)
n
n
n
⎪
⎪
⎩
Pn := Pn + μ(Un − Vn ).

E. Parameter Settings
The whole optimization procedure for the proposed LRTC
model can be summarized as Algorithm 1. We control the
tradeoff on different variations in the augmented Lagrange
function (19) by tuning the parameters. The values of ρn (n =
1, . . . , N) are usually data dependent and relevant to the
factor gradient sparsity, and we simply set ρn = 1 N and
N
1 ρn = 1. The parameter γ controls the effect of global
regularization, and we set it as 0.1. The parameter β is used
to balance the impacts of the local sparsity priors, avoiding the overfitting of factor regularization for tensor object.
Considering the role of parameter β, we first assume that β
p
satisfies the following formulation β = c ∗ Y F ; note that c
and p are adjustable constants. Then, by adjusting c and p,
we empirically find that our algorithm will achieve satisfactory
performance when c is taken in the range [1; 5]. In all the
experiments, c = 1.5. In addition, we learn after substantial
experiments that the results are quite satisfactory for the thirdand forth-order tensors when p = 2.85 and p = 2.

F. Computational Complexity Analysis
For an Nth-order input tensor Y ∈ R I1 ×I2 ×···×I N , the computational complexity of Algorithm 1 is mainly composed of
the following five parts.
1) Updating
Un needs computing a matrix of size In ×

m =n Im , given that the variable Unhas a closed
form solution, its complexity is In m =n Im , and
the
complexity
 of variables Un (n = 1, 2, . . . , N) is
N
O( n=1
In m =n Im ).
2) Similarly,
the
N
 complexity of updating Vn is also
O( n=1
In m =n Im ).
3) In our model, the core tensor is full rank; thus, updating
with a F-norm constraint
requires solving the inverse

of a matrix of size ( n In ) ×1 under a linear system.
Hence, its complexity is O(( n In )3 ).
4) Updating
 Mn needs to perform SVD on a matrix of
In × m =n Im , the complexity of variables Mn (n =


1, 2, · · · , N) is O( n (In )2 × m =n Im ).
5) The complexity of updating X is O( n In ). Thus,
the overall
complexity
algorithm
is
 N computational

of our


3+
2×
O(K
(
I
I
+
I
+(
I
)
(I
)
n=1 n
m =n m
n n
n n
n n

m =n Im )).
IV. E XPERIMENTAL R ESULTS
This section presents the experimental results on synthetic
and real data sets to demonstrate the robustness and efficiency
of the proposed ESP-LRTC algorithms. We compare our
results with nine recently developed state-of-the-art LRTC
methods, including the tensor trace norm-based LRTC (HaLRTC) [13], the t-SVD-based TC method [35], the nonconvex
tensor rank constraint-based, i.e., the minimax concave plus
penalty-based TC (McpTC) and the smoothly clipped absolute
deviation penalty-based TC (ScadTC) method [16], the parallel matrix factorization-based LRTC method (TMac) [45],
the matrix factorization using framelet prior LRTC (MFFP)
[46], the TV regularized LR matrix factorization-based
LRTC (TVMF) [47], the LRTC with TV on tensor unfolding
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TABLE I
RSE COMPARISON FOR D IFFERENT SR S . T HE B EST RSE VALUES ARE H IGHLIGHTED IN B OLDFACE

Fig. 3. (a) Original images located at the band 600 nm of flowers. (b) Corresponding sampled images with SR 10%. (c)–(k) and (l) Completed images
achieved by nine competing methods and proposed ESP-LRTC method, respectively. (a) Original image. (b) Corrupted image. (c) TVMF. (d) HaLRTC.
(e) TMac. (f) Trace/TV. (g) t-SVD. (h) McpTC. (i) ScadTC. (j) MFFP. (k) LRTC-TV. (l) ESP-LRTC.

(LRTC-TV) [48], and the joint trace/TV-based TC method
(Trace/TV) [58]. All parameters involved in the competing
algorithms are optimized according to the guidance in the
reference articles [13], [17], [35], [45]–[48], [58].
A. Synthetic Data
The test synthetic data are generated by the Tucker model,
i.e.,X = C×1U1 ×2 · · · × N U N , where the entries of core
tensor C ∈ Rr1 ×···×r N and factor matrices Un ∈ R In ×rn (n =
1, · · · , N) are standard independent and identically distributed
Gaussian. All entries are generated by MATLAB commands
randn(r1 , . . . , r N ) and randn(In , rn ). Thus, the n-rank of the
generated tensor X ∈ R I1 ×I2 ×···×I N is (r1 , . . . , r N ). We test
three synthetic data of size 50 × 50 × 50, 100 × 100 × 100,
and 150 × 150 × 150 with different sampling rates (SRs) at
10%, 20%, and 50%, and their corresponding ranks are (20,
30, 40), (50, 60, 70), and (5, 20, 50), respectively. The sampling index set  is uniform and random. We use the relative
squared error (RSE) to quantitatively evaluate the quality of
the completed tensor, which is defined as
RSE =

X − Xˆ  F
X  F

(35)

where X and X̂ are the original tensor and the recovered
tensor, respectively. The RSEs are summarized in Table I.
We highlight all the best results in bolded letters and draw
the following conclusions from Table I: 1) our method obtains
better results under lower SRs; 2) our method produces a better
completed result under different SRs; and 3) our method is
more robust and effective in terms of rank variations along all
modes.
B. HSI Completion
The HSIs from open-source CAVE data sets1 are tested.
Each tested HSI is resized to 256 × 256 for all spectral bands
and the input values rescaled to [0, 1]. Four quantitative picture
quality indices (PQIs) are used for performance evaluation,
including peak signal-to-noise ratio (PSNR), structural similarity (SSIM) [59] feature similarity (FSIM) [60], and erreur
relative globale adimensionnelle de synthèse (ERGAS) [61].
We test three different SRs: 5%, 10%, and 20%. The
results are presented in Figs. 3–5 and Tables II and III.
Visual comparisons of the results in Figs. 3–5 show that
our method evidently produced better results than the other
methods under various SRs: 5%, 10%, and 20%. TMac has
1 http://www1.cs.columbia.edu/CAVE/databases/multispectral/
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Fig. 4. (a) Original images located at the band 700 nm of feathers. (b) Corresponding sampled images with SR 20%. (c)–(k) and (l) Completed images
achieved by nine competing methods and proposed ESP-LRTC method, respectively. (a) Original image. (b) Corrupted image. (c) TVMF. (d) HaLRTC.
(e) TMac. (f) Trace/TV. (g) t-SVD. (h) McpTC. (i) ScadTC. (j) MFFP. (k) LRTC-TV. (l) ESP-LRTC.

Fig. 5. (a) Origind 490 nm of balloons. (b) Corresponding sampled images with SR 5%. (c)–(k) and (l) Completed images achieved by nine competing
methods and proposed ESP-LRTC method, respectively. (a) Original image. (b) Corrupted image. (c) TVMF. (d) HaLRTC. (e) TMac. (f) Trace/TV. (g) t-SVD.
(h) McpTC. (i) ScadTC. (j) MFFP. (k) LRTC-TV. (l) ESP-LRTC.

bad completion results for all SRs. The results of TVMF
lose details and textures due to the information distortion
generated by matrixing. HaLRTC and t-SVD can overcome the
problem caused by TVMF; however, the convex tensor rank
approximation overfits or underfits the real rank, resulting in
blurry images. McpTC and ScadTC proposed the nonconvex
tensor rank description formulation to alleviate the estimation bias of the tensor nuclear norm, but there are severe
artifacts at the edges. Trace/TV and LRTC-TV introduce the
local sparsity into global sparsity in these TC models, but
the local smoothness constraint on the original domain is
weaker than the latent subspace, which makes the recovery
results still contain some incomplete pixels. Although recent
MFFP is the second-best TC method in a different SR 20%
[see Figs. 3(j), 4(j), and 5(j)], in contrast, our method is able
to restore the realistic results with clear structures.
In Tables II and III, we provide the performance of all
methods using mean PSNR (MPSNR), mean SSIM (MSSIM),

and mean FSIM (MFSIM) results, over all the spectral bands
in six HSIs under SRs 5% and 10%. The proposed method
outperforms the other approaches under all SRs, and in particular, the PQIs are better than the recent t-SVD method. When
compared with t-SVD, at SR 5%, ESP-LRTC improves the
MPSNR by at least 5 dB more on the Toy, 2 dB better on the
Cloth, and 4 dB better on the Feathers. For SR = 10%, when
compared with t-SVD, the average gain of MPSNR values
of ESP-LRTC is more amplified, up to 7 dB on Toy, 5 dB
on Cloth, and 6 dB on Feathers. MSSIM and MFSIM values
further confirm the robustness of the proposed method at all
different SRs. Although ScadTC is the second-best method
in all SRs, obviously, it still is inferior to ours by visual
evaluation. Since ESP-LRTC explores the underlying global
and local sparsities by enhanced sparsity prior modeling,
it scores better in MPNSR, MSSIM, MFSIM, and EGRAS
than other methods that only consider either the local or
global sparsity prior. The running times of all methods for
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TABLE II
AVERAGE Q UANTITATIVE E VALUATION OF THE R ESULTS FOR D IFFERENT HSI S W ITH SR S 5%

SRs 5% and 10% are presented in Tables II and III. The
proposed method requires more time in comparison with
HaLRTC, TMac, and Trace/TV. This is not surprising as
our method adds multiple constraints with more complex
numerical algorithms. Compared with TVMF, t-SVD, McpTC,
ScadTC, MFFP, and LRTC-TV, the efficiency of our method
is acceptable.
The values of PSNR, SSIM, and FSIM across all bands on
Toy and Cloth under SRs 20% are presented in Fig. 6. The
proposed method achieves the best PSNR, SSIM, and FSIM
values in most bands of the HSI, which also further validates
the robustness of the proposed method over all spectral bands.
C. Facial Image Synthesis
Based on the fact that a complete training set is often not
available in face recognition applications, as noted in [62],
thus, research for facial image synthesis is conductive to
recover missing faces from an incomplete data set. In this
section, we use the CMUPIE face data set [63] for facial
image synthesis. We select images from the first 30 subjects
with 11 positions and 21 illumination changes to construct
a fourth-order tensor X ∈ R30×11×21×1024, which is then
rescaled into [0; 1]. For incomplete observation, a certain
percentage of missing faces is randomly selected. For methods
TVMF, TMac, Trace/TV, and t-SVD, we first reshape the
fourth-order tensor into a third-order one along third mode and
then employ these methods to complete the missing entries in
tensor-valued data. When the SR is 30%, visual comparison
results for 121 selected missing faces that are generated from

all methods are shown in Fig. 7. Specifically, although TVMF,
HaLRTC, and TMac can capture the facial structure, they fail
to interpret positions and illumination changes. The Trace/TV,
McpTC, ScadTC, MFFP, and LRTC-TV can only reconstruct
the facial outline; they fail to complete the facial texture structure. The t-SVD method provides promising results. However,
there are serious noises. Compared with other competitors,
the proposed model recovers more details and produces less
artifacts or noises, which is close to the ground truth.
D. Convergence Analysis
Algorithm 1 mainly exploits ADMM to solve (18). For
subproblems (21), (24), (29), and (32), we can obtain their
closed-form solutions. For subproblem (28), we adopt the CG
algorithm to approximate the global optimal solution, and the
convergence is achieved in just a few iterations. Although
the convergence of ADMM has been proven for separable
closed-form solution problems [51], its convergence may not
hold when the core tensor constraint is introduced. It is difficult
to derive a theoretical guarantee for Algorithm 1. Instead,
we can obtain the following weak convergence proof under
mild condition.
Theorem
1:
Let
{X (k) , S (k) , P x (k) , P t (k) }
and
(k)
(k)
(k)
(k)
(k) N
{{Un , Vn , Mn , Pn , Q n }n=1 }
be
the
sequence
generated by Algorithm 1. Suppose that the sequence
N
(
{P x (k) , P t (k) , {Pn(k) , Q (k)
n }n=1 } is bounded and μ k) is
nondecreasing, then the following holds.
(k)
(k)
(k) N
1) {X (k) , S (k) , {Un , Vn , Mn }n=1
} are all Cauchy
sequences.
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TABLE III
AVERAGE Q UANTITATIVE E VALUATION OF THE R ESULTS FOR D IFFERENT HSI S W ITH SR S 10%

Fig. 6. PSNR, SSIM, and FSIM values comparison of different methods for each band on Toy (first row) and Cloth (second row) data sets under SR 20%.
(a) PSNR. (b) SSIM. (c) FSIM.

2) Any accumulation point of sequence {X (k) , S (k) },
(k)
(k)
(k) N
{{Un , Vn , Mn }n=1
} satisfies the Karush–Kuhn–
Tucker (KKT) conditions for problem (19).

The proof sketch of Algorithm 1 is similar to that in [21].
Based on the assumption of multipliers, we first introduce Lemma 1 to prove the boundness of some variables
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Fig. 7. Visual results on the 121 selected missing faces when SR is 30%. (a) Original image. (b) Corrupted image. (c) TVMF. (d) HaLRTC. (e) TMac.
(f) Trace/TV. (g) t-SVD. (h) McpTC. (i) ScadTC. (j) MFFP. (k) LRTC-TV. (l) ESP-LRTC.

in Algorithm 1 and then analyze the convergence of
Algorithm 1.
Lemma 1: Suppose that the sequence {P x (k) , P t (k) },
(k)
(k) N
{{Pn , Q n }n=1
} is bounded and is nondecreasing, then the
N
sequences {X (k) , S (k) } and {{Un(k) , Vn(k) , M(k)
n }n=1 } produced
by Algorithm 1 are all bounded.
(k+1)
(k+1)
Proof 1: Let L(k+1) = S (k+1) ×1 V1
×2 . . . × N VN
(k+1)
and Y
= Y . Then we have
⎧ (k+1)
X
− L(k+1) = (P x (k+1) − P x (k) )/μ(k)
⎪
⎪
⎪
⎨X (k+1) − Y (k+1) = (P t (k+1) − P t (k) )/μ(k)



 (k)
(k+1)
(k+1)
⎪
M
−
X
= Q(k+1)
− Q(k)
n
n
n
n /μ
⎪
⎪


⎩ (k+1)
Un
− Vn(k+1) = Pn(k+1) − Pn(k) /μ(k) .
(k)

(36)

(k)

N
Due to the boundness of {P x (k) , P t (k) , {Pn , Q n }n=1
} and
(k)
the nondecreasing property of μ , we have

⎧∞

⎪
⎪
⎪
X (k+1) − L(k+1)  F
⎪
⎪
⎪
⎪k=0
⎪
⎪
∞
⎪

⎪
μ(k+1) x (k+1)
⎪
⎪
=
P
− P x (k)  F < ∞
⎪
⎪
⎪
μ(k)
⎪
⎪
k=0
⎪
∞
⎪
⎪

 (k+1)
⎪
(k+1) 
⎪
X
⎪
− Y  F
⎪

⎪
⎪
⎪
k=0
⎪
⎪
∞
⎪

⎪
μ(k+1) t (k+1)
⎪
⎪
=
P
− P t (k)  F < ∞
⎪
⎨
μ(k)
k=0
∞



⎪
⎪
M(k+1) − X (k+1) 
⎪
⎪
n
n
⎪
F
⎪
⎪
k=0
⎪
⎪
∞
⎪
 μ(k+1) 
⎪

⎪
⎪
Q(k+1) − Q(k)  < ∞
⎪
=
n
n
⎪
F
⎪
μ(k)
⎪
⎪
k=0
⎪
⎪
∞
⎪

⎪ 
⎪
U (k+1) − V (k+1) 
⎪
⎪
n
n
F
⎪
⎪
⎪
k=0
⎪
⎪
∞
⎪


⎪
μ(k+1) 
⎪
 P (k+1) − P (k)  < ∞
⎪
=
⎪
n
n
F
⎩
(k)
μ
k=0

which implies that
⎧
⎪
lim X (k+1) − L(k+1)  F = 0
⎪
⎪
k→∞ 
⎪
⎪
(k+1) 
⎪
 =0
⎨ lim X(k+1) − Y
F
k→∞ 
(k+1)
(k+1) 


⎪
lim Mn
− Xn
=0
⎪
F
⎪
⎪k→∞ 

⎪
(k+1)
(k+1)
⎪
 =0.
⎩ lim Un
− Vn
F

(38)

k→∞

N
Hence, {X (k) , S (k) , {Un(k) , Vn(k) , M(k)
n }n=1 } is a feasible
solution. In the following, we will prove that the sequence
N } is the Cauchy sequences. In (23), we present the
{{Un(k) }n=1
closed-form solution. Hence, we have
⎧
 (k−1)
⎪
Pn
⎪
(k)
⎪
− Vn(k−1)
⎪Un = μ(k−1) (ρn L n T L n + μI )−1
⎨
μ(k−1)
 (k)
(39)
⎪
Pn
⎪ (k+1)
(k)
T
(k)
−1
⎪
= μ (ρn L n L n + μI )
− Vn .
⎪
⎩Un
μ(k)

Let
= (ρn L n T L n + μI )
so we have

−1

 F , μ = max{{μk }∞
k=0 },

∞

 (k+1)

U
− Un(k)  F
n
k=0

=

∞



 ρn L n T L n + μI −1
k=0

(37)




× Pn(k) − Pn(k−1) − μ(k) Vn(k) −μ(k−1) Vn(k−1)  F



≤  Pn(k) − Pn(k−1) − μ(k) Vn(k) −μ(k−1) Vn(k−1)  F
∞



 
 (k)
 P − P (k−1)  +μ(k) V (k) − V (k−1) 
≤
n
n
n
n
F
F
k=0

=

∞

k=0



(k)
(k−1)


 (k)
Pn − Pn
(k)
 P − P (k−1)  +μ(k) 
−
U

n
n
n
F

μ(k)



− Vn(k−1)

F
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RSE comparison on the three HSI data sets under three different SRs. (a) Feathers. (b) Flowers. (c) Sponges.
∞




 
  (k)
2 Pn − Pn(k−1)  F + μ(k) Un(k) − Vn(k−1)  F

k=0

≤

∞




2  Pn(k) − Pn(k−1)  F +

k=0

μ

∞

 (k)

U −V (k)  .
n
n
F
k=0

(40)
∞

(k+1)

s.t.

N


0∈

(k+1)

Due to k=0 Un
− Vn
 F < ∞ and the boundness

(k) N
(k+1)
(k)
of {{Pn }n=1
}, we have ∞
U
− Un  F < ∞, and
n
k=0
it has a limit point for any k. Moreover, it is not different to
N } is the Cauchy sequence.
verify that the sequence {{Pn(k) }n=1
(k)
(k) N
} are also the Cauchy
Similarly, {X (k) , S (k) , {Vn , Mn }n=1
sequences. In practical, Algorithm 1 will satisfiy the convergence criterion within a finite number of iterations.
N
Proof 2: Let {X (∗) , S (∗) , {Un(∗) , Vn(∗) , M(∗)
n }n=1 } be a critical point of (19), and the KKT conditions of (19) are
0∈

(∞)

X∞⊥ = (S (∞) ×1 V1 ×2 · · · × N VN∞ )⊥ , X∞ = Y  , and
(∞)
(∞) N
{M∞
= X ∞ , Vn
= Un }n=1
. Using (42) and the
n
first-order optimal condition of (24), (28), (29), and (32),
the following holds:

ρn L n T L n Un(∗) + 2βS ∗ + γ

N


αn ∂M∗n(n) w,∗

n=1
n=1

 (∗)
(∗)
∗
X⊥ = S ×1 V1 ×2 · · · × N VN∗ ⊥
N

X∗ = Y  , M∗n = X ∗ , Vn(∗) = Un(∗) n=1

(41)

where ∂. denotes the subgradient. According to
Algorithm 1, the first-order optimal condition of (21) is
given by

(∗)
Pn
(∗)
∗
T
0 ∈ ρn L n L n Un + μ Un(∗) + ∗ − Vn(∗) . (42)
μ
Similarly, we can also achieve the first-order optimal condition of (24), (28), (29) and (32). Since
N
{X (k) , S (k) , {Un(k) , Vn(k) , M(k)
n }n=1 } are the Cauchy sequences,
then
⎧
⎪
lim X (k+1) − X (k)  = 0
⎪
⎪
k→∞
⎪
⎪
⎪
⎪
lim S (k+1) − S (k)  = 0
⎪
⎪
⎨k→∞  (k+1)
(k) 
− Mn  = 0
lim Mn
(43)
k→∞ 
⎪
⎪
(k+1)
(k) 
⎪


⎪
lim Un
− Un
=0
⎪
⎪
k→∞ 
⎪

⎪
(k+1)
(k)
⎪
⎩ lim Vn
− Vn  F = 0.
k→∞

N
be their
Let {X (∞) , S (∞) , {Un(∞) , Vn(∞) , M(∞)
n }n=1 }
limit points. Together with results in 1, we have that

N


ρn L n T L n Un(∞) + 2βS ∞ + γ

n=1

s.t.

X∞⊥

[5 pt]X∞

N

n=1

αn ∂M∞
n(n) w,∗



(∞)
= S (∞) ×1 V1 ×2 · · · × N VN∞ ⊥
N

∞
(∞)
= Y  , M∞
= Un(∞) n=1 .
n = X , Vn

(44)

Therefore, any accumulation point {X (∞) , S (∞) },
(∞)
(∞)
(∞) N
{{Un , Vn , Mn }n=1
} of the sequence {X (k) , S (k) },
(k)
(k)
(k) N
{{Un , Vn , Mn }n=1 } generated by Algorithm 1
satisifies the KKT conditions for problem (19), that is,
the sequence asymptotically satisfies the KKT conditions
of (19). In particular, whenever the sequence {X (k) , S (k) },
(k)
(k)
(k) N
{{Un , Vn , Mn }n=1
} converges, it converges to a critical
point of (15). This completes the proof. In addition,
Fig. 8(a)–(c) presents the curves of the RSE values versus
the iteration number of the proposed ESP-LRTC on HSI
data sets, Feathers, Flowers, and Sponges under SRs 5%,
10%, and 20%. From Fig. 8, we can clearly observe
that the RSE values decrease as the iteration progresses
and the values stabilize after only about 300 iterations,
indicating the good convergence behavior of the proposed
method.
V. C ONCLUSION
This article incorporates local and global sparsities prior
in a latent tensor for LRTC, which predicts the missing data
entries by simultaneously employing the global LR and local
smoothness structures. Beyond the remediation for the traditional tensor nuclear norm, the proposed method overcomes
the inefficiency of global LR in characterizing the underlying
local structures of tensors. As an effective constraint, local
sparsity enforces the ESP-LRTC optimization problem and
decomposition with the Tucker model, which avoids rank
estimation bias often accompanied by predefined ranks. Experiment results on both synthetic and real data sets demonstrate
that the proposed ESP-LRTC method outperforms the stateof-the-art methods under different SRs. Especially, at lower
SRs, our ESP-LRTC method still completes well even with
missing entries.
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