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Head Pose Estimation From a 2D Face Image
Using 3D Face Morphing With
Depth Parameters
Seong G. Kong, Senior Member, IEEE, and Ralph Oyini Mbouna, Member, IEEE

Abstract— This paper presents estimation of head pose angles
from a single 2D face image using a 3D face model morphed
from a reference face model. A reference model refers to a
3D face of a person of the same ethnicity and gender as the
query subject. The proposed scheme minimizes the disparity
between the two sets of prominent facial features on the query
face image and the corresponding points on the 3D face model
to estimate the head pose angles. The 3D face model used is
morphed from a reference model to be more specific to the
query face in terms of the depth error at the feature points.
The morphing process produces a 3D face model more specific
to the query image when multiple 2D face images of the query
subject are available for training. The proposed morphing process
is computationally efficient since the depth of a 3D face model is
adjusted by a scalar depth parameter at feature points. Optimal
depth parameters are found by minimizing the disparity between
the 2D features of the query face image and the corresponding
features on the morphed 3D model projected onto 2D space.
The proposed head pose estimation technique was evaluated on
two benchmarking databases: 1) the USF Human-ID database
for depth estimation and 2) the Pointing’04 database for head
pose estimation. Experiment results demonstrate that head pose
estimation errors in nodding and shaking angles are as low
as 7.93° and 4.65° on average for a single 2D input face image.
Index Terms— Head pose estimation, 3D face model, morphing,
feature disparity minimization, depth estimation.

I. I NTRODUCTION

H

EAD pose is highly associated with the attention of a
human operator to a specific object in the surroundings.
Estimating head pose of a human subject has been an active
research topic in computer vision because of its importance
in many applications such as face recognition, eye gaze
tracking, and human-computer interaction. In face recognition,
for instance, variations in head pose as well as illumination
changes can significantly decrease the performance of face
recognition [1], [2]. Head pose estimation plays an important
role in gaze estimation [3], where the gaze direction is
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determined by a combination of the deviation of the pupil
center from the eye center and the head pose angles.
Estimating head pose angles from a single 2D image,
rather than multiple 2D images or a video sequence,
is challenging due to insufficient information. There have
been two major approaches [4] to head pose estimation from
a single 2D face image: appearance-based and feature-based.
Appearance-based approaches [5], [6] attempt to match a
portion of the image containing the face to similar face images
in the database to estimate the head pose. In this approach,
head pose estimation becomes a pattern classification problem.
Stiefelhagen [7] compares a query image of the face to a set
of face images with known pose angles stored in the database.
The head pose of the query face image is determined by the
pose of the best matched image in the database. Appearancebased techniques work with low-resolution images, but only
a finite number of predefined pose angles can be estimated.
Huang et al. [8] represent a face image in a low dimensional
space and then use classification or regression to determine
the head pose of the subject. They proposed a supervised local
subspace learning scheme to build local linear models from
non-uniform sampled training data. One of major challenges
with this head pose estimation scheme is to gather a sufficient
amount of training data uniformly distributed across various
pose angles. Their performance may decrease considerably
when the input face image contains variations such as
background, lighting, facial expression, age, and identity.
Feature-based approaches [9]–[11] estimate the head pose
from correspondences between the features of a face image
and those on a 3D face model. Feature-based approaches find
reasonably accurate head pose estimates for all three head
pose angles, i.e., nodding, shaking, and tilting. The methods
proposed by Sun et al. [12] and Martins and Batista [13]
extract a set of features on a face image to fit the features
onto a 3D face model. The head pose is estimated by the
amount of rotation during the fitting process. The performance
depends on the accuracy of a 3D face model representing
the subject. Feature-based methods [14], [15] often require a
computationally expensive fitting process as more 3D model
templates are added to the set of exemplar 3D models.
A Generic Elastic Model (GEM) [22] reconstructs a
3D face model from a 2D face image using a generic 3D model
of the same gender and ethnicity as the query subject.
This paper presents head pose estimation from a single
2D face image using a 3D face model morphed from

1057-7149 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

1802

a reference 3D face model. A reference model refers to
a 3D face of a person of the same ethnicity and gender
as the query subject. The proposed method uses a small
number of prominent facial features such as eye corners, nose
tip, and lip corners extracted from the query face image.
An automatic feature extraction method based on Active
Appearance Model (AAM) [21] has been used as a primary
means to detect the key points. For evaluation purposes, the
feature points were selected manually on a 2D face image
and mapped onto a reference 3D face model. Head pose
angles are estimated by minimizing the disparity between
the features on the query face image and the corresponding
points on the 3D face model projected onto the 2D space.
In case more face images with known pose of the query
subject are available, the reference 3D model can be morphed
for more accurate model fitting. The refined 3D face model
becomes more specific to the query subject in terms of depth
errors at the feature points. The morphing process involves
multiplying a scalar depth parameter to the depth of a reference
3D face model at each feature point. Optimal depth parameters
are found by minimizing the disparity between the features
of the 2D query face image and the corresponding features
on the morphed 3D model projected onto the 2D space. The
proposed morphing process is computationally efficient since
the depth of the 3D reference model is represented by the
depth at each feature point multiplied by a depth parameter.
The use of depth parameters simplifies the morphing process to
allow local deformation at each facial feature point for accurate
3D model building. An optimal set of depth parameters are
found by minimizing the disparity between the features of
the query 2D face image and the corresponding features of
the morphed 3D model projected onto the 2D space. The
proposed head pose estimation technique was evaluated on
two benchmarking databases: 1) the USF Human-ID database
for depth estimation and 2) the Pointing’04 database for head
pose estimation.
II. P ROJECTION OF 3D F EATURES O NTO THE 2D S PACE
According to the rotation-scale-translation camera model,
a projection matrix relates the coordinates of a point in the
3D space to its projection onto the 2D image plane. A mapping
of a point (X 0 , Y0 , Z 0 ) in the 3D space onto a point (x 0 , y0 )
in the 2D image plane can be represented by the projection
matrix P0 :
⎡
⎡
⎤
⎤
⎡ ⎤
⎤ X0
⎡
X0
x0
r
r
t
r
11 12 13 1 ⎢
⎢
⎥
⎥
⎣ y0 ⎦ = P0 ⎢ Y0 ⎥ = s ⎣ r21 r22 r23 t2 ⎦ ⎢ Y0 ⎥
(1)
⎣ Z0 ⎦
⎣ Z0 ⎦
1
0 0 0 1
1
1
where s is a scale parameter, and t1 and t2 denote the
amount of translation. We select N facial feature points on
a 2D query face image and N corresponding facial features
on the 3D model. The shape of a face can be described by a
set of feature vectors b0 in the 2D space and the corresponding
feature vectors a0 in the 3D space:
⎡
⎤

X 0i
x 0i
, a0 = ⎣ Y0i ⎦, i = 1, 2, · · · , N
b0 =
(2)
y0i
Z 0i
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Fig. 1. Facial feature extraction. (a) Seven feature points selected on a
2D face image, (b) Corresponding features on a 3D face model.

The proposed head pose estimation method works best with
a 3D face model of the query subject itself. When a 3D face
model of the subject is not available, as in many practical
situations, a 3D face model of a subject of the same gender
and ethnicity as the query subject is selected as a reference
model. This process can be automated with a gender/ethnicity
classification routine [23], [24]. Figure 1(a) shows the locations of seven (N = 7) selected feature points, two eye corners,
nose tip, and two lip corners, used to represent the shape of a
human face. Figure 1(b) shows corresponding feature points on
a reference 3D face model along with the three rotation angles
of head pose; nodding (θx ), shaking (θ y ), and tilting (θz ) with
respect to the coordinate origin set to the centroid of the feature
points. A reference 3D face model was arbitrarily chosen from
a group of male Caucasian subjects, which is of the same
ethnicity and gender as the query subject. We scale and align
the 2D features of the query face image and the feature points
on a reference 3D face model. The centroid b0 of the 2D shape
is an arithmetic average of the feature vectors b0 .
We normalize the feature vectors by subtracting the centroid
from each vector b0 to move the origin to the centroid and
dividing by the norm of the difference. Then the normalized
2D feature vectors are given by:

N 
1
b0 − b0
xi
x 0i
=
, b0 =
,
b=
y
y0i
N
i
b0 − b0
i=1
i = 1, 2, · · · , N

(3)

The same normalization procedure is applied to the 3D feature
vectors a0 to obtain normalized 3D feature vectors:
⎡
⎤
⎡ ⎤
N
X 0i
Xi
1
a0 − a 0
⎣ Y0i ⎦,
a=
= ⎣ Yi ⎦, a0 =
a0 − a0 
N
Z
Z
i

i=1

0i

i = 1, 2, · · · , N

(4)

Then the projection matrix P of a normalized feature point on
a 3D face model onto the 2D space is given by
⎡ ⎤
⎡ ⎤


X
Xi
xi
r12 r13 ⎣ i ⎦
r
Yi ,
= P ⎣ Yi ⎦ = 11
yi
r21 r22 r23
Zi
Zi
i = 1, 2, · · · , N
(5)
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feature disparity. The optimum depth parameter can be found
by minimizing the objective function of feature disparity:
N

N

di (k)2 =

ε0 =
i=1

Fig. 2. Normalization of the feature points in the 2D and 3D space. The
2D features (blue circles) from a face image with a certain pose and the
3D feature points (red diamonds) from a frontal 3D face model involve large
disparity. (a) Feature points on a face image, (b) Normalized feature points
in the 2D space.

u 2i (k) + v2i (k)

(8)

i=1

From the fact that the shapes of human faces share a
large amount of overall similarities, a soft constraint needs
to be added to penalize the objective function not to produce
any degenerate solutions, but geometrically meaningful faces,
in the morphing process. Degenerate solutions may occur in
the case where the minimum correspondence error between the
pairs of points picked on 3D model and 2D face images lead
to meaningless 3D shape reconstruction of the face. A penalty
function P describes the depth disparity between the reference
3D model and the morphed 3D model at n-th iteration:
N

The alignment and normalization process removes the scale
factor and translation parameters in the projection matrix
expression. Figure 2 shows the feature points from a
2D face image and the corresponding features from a reference
3D face model after the normalization. The two sets of feature
points involve large disparity since the query face image has a
certain pose while the initial position of a reference 3D model
is frontal.
III. 3D M ORPHING W ITH D EPTH PARAMETERS
In case more 2D face images with known pose of the query
subject are available, the depth of the reference face model
can be refined through a 3D morphing process to improve the
accuracy of pose estimation. The reference 3D face model is
rotated by the pose angles of the given training image to reduce
the disparity between the 2D and the projected 3D feature
vectors. After normalization of the 2D and 3D feature points,
spatial deviations dX and dY are found to be substantially small
compared to the depth variation dZ. Only depth morphing is
performed since the feature disparity largely comes from the
mismatch in depth between the reference model and the query
subject. The percentage variations of dX and dY were below
30% of the variation of dZ. (See APPENDIX for details).
In our morphable 3D face model, the depth information at
each feature point is represented by a multiplication of the
z-coordinate value Z i with a depth parameter ki . A feature
point in the morphed 3D face model can be represented by
⎡
⎤
Xi
ai (k) = ⎣ Yi ⎦ , i = 1, 2, · · · , N
(6)
ki Z i
Now the morphing process is given by updating the depth
parameters k = [k1 , k2 , · · · , k N ] until the feature disparity is
minimized. The disparity di (k), i = 1, 2, . . . , N, between the
features on a 2D face image and the projected 3D features of
the reference model is given by

u i (k)
, i = 1, 2, · · · , N
(7)
di (k) = bi − Pai (k) =
vi (k)
The mismatch between a reference 3D model and the 3D shape
of the query subject gives a substantial error in terms of

(ki (0) − ki (n))2 Z i2

P(k(n)) =

(9)

i=1

This penalty term controls the amount of depth displacement
before losing the distinctness of the 3D face structure. The
revised objective function is now given by:
ε(n) = ε0 (n) + α P(k(n))

(10)

with a proper weight α so the optimization converges to a
feasible solution. The optimal k is determined by the depth
parameter that minimizes the objective function:
k∗ = arg min ε(n)

(11)

k

We use the gradient descent method to minimize ε(n) with
respect to the parameter vector k. The depth parameters k is
updated in each iteration starting from an initial condition
k(0) = [1, 1, · · · , 1]
k(n + 1) = k(n) − c∇k ε(n)

(12)

where c denotes the step size of the gradient decent method.
∂ε ∂ε
The gradient vector ∇k ε = ∂k
,
, · · · , ∂k∂εN
1 ∂k2
approximated using the difference

∂ε
∂ki
=

T

can be

ε(k1 ,· · ·, ki + ,· · ·, k N ) − ε(k1 , · · · , ki − , · · · , k N )
2
(13)

The optimization process is carried out with  = 0.01
and c = 0.001. And k is updated until the condition is
satisfied: |ε(n + 1) − ε(n)| < (0.0001) ∇k ε.
IV. H EAD P OSE A NGLE E STIMATION
Head pose angles are estimated by minimizing the
disparity between the features on the query face image and
the corresponding points on the 3D face model projected onto
the 2D space. Let B be a 2 × N matrix of a set of normalized
feature vectors from the 2D query face image and A(k∗ ) be
a 3 × N matrix of corresponding feature vectors normalized
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Fig. 3.

Schematic diagram of the proposed head pose estimation technique using a single 2D face image.

from a 3D face model morphed from the reference model
with the optimal depth parameters:

x1 x2 · · · x N
(14)
B=
y1 y2 · · · y N
⎤
⎡
X2
···
XN
X1
Y2
···
YN ⎦
A(k∗ ) = ⎣ Y1
(15)
∗
∗
∗
k1 Z 1 k2 Z 2 · · · k N Z N
We determine the head pose of the query subject using the
rotation matrix of the 3D face model that minimizes the error
between the feature matrix B of a 2D query image and the
3D feature matrix A(k∗ ) projected onto the 2D space using the
least-squares minimization. The optimal projection matrix P∗
that minimizes the pose error B − P∗ A(k∗ ) is given by
P∗ = B AT (k∗ ) A(k∗ )AT (k∗ )

r̂
r̂12 r̂13
= 11
r̂21 r̂22 r̂23

−1

(16)

The least-squares optimization solves for the first two rows
of the rotation matrix R because of the orthographic projection
assumption. The last row is given by the cross product of the

 
 


first two rows r̂31 r̂32 r̂33 = r̂11 r̂12 r̂13 × r̂21 r̂22 r̂23 .
For three Euler angles of head pose (θx , θ y , θz ), the rotation
matrix R can be represented as the product of three matrices
representing individual rotation along each axis (17), as shown
at the bottom of this page.
Then each head pose angle can be determined by:
r̂32
(18)
θx = tan−1
r̂33
r̂31
(19)
θ y = − tan−1 
2 + r̂ 2
r̂32
33
−1 r̂21
(20)
θz = tan
r̂11
In case more than one 2D face image of the query
subject are available, the head pose estimation accuracy
can be improved. For the first training image, parameter
optimization is carried out with an initial value of k,
e.g. k(0) = [1, 1, . . . , 1]. For the next available training
image, the optimization process is repeated with the optimum
k∗ of the previous round as an initial value.
Figure 3 shows a schematic diagram of the proposed
head pose estimation technique from a single 2D query

R = Rz (θz ) R y (θ y ) Rx (θx )
⎡
⎤⎡
⎤⎡
cosθz −sinθz 0
0 sinθ y
1
cosθ y
= ⎣ sinθz
cosθz
0⎦⎣ 0
1
0 ⎦⎣0
0
0
0
1
−sinθ y 0 cosθ y
⎡
cos θz cos θ y
cos θz sin θ y sin θx − sin θz cos θx
sin θz sin θ y sin θx + cos θz cos θx
= ⎣ sin θz cos θ y
− sin θ y
cos θ y sin θx

0
cosθx
sinθx

⎤
0
−sinθx ⎦
cosθx

⎤
cos θz sin θ y cos θx + sin θz sin θx
sin θz sin θ y cos θx − cos θz sin θx ⎦
cos θ y cos θx

(17)
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Fig. 4. 2D images of three query subjects from USF Human-ID database.
(a) A male Caucasian subject (S1). (b) A male Asian subject (S2).
(c) A female Caucasian subject (S3).

face image. A set of 2D features are extracted from the
query 2D face image. The corresponding 3D features are
obtained from the depth information of the reference 3D face
model at the same x- and y-coordinates as the 2D features.
The 2D and 3D features are both scaled and aligned in the
normalization step. The depth information of the morphable
3D face model is represented by z-coordinate of the reference
model multiplied by a depth parameter. The depth parameter k
is optimized to minimize the disparity between the 2D features
and the projected 3D features using a projection matrix P.
The reference 3D face model is morphed to a 3D face model
more specific to the query subject using the optimal depth
parameter k∗ . Then we use the morphed 3D face model
and the query face image to find the optimum projection
matrix P∗ . Finally, we compute the head pose angles from
Euler conversion of the optimum projection matrix.
V. E XPERIMENT R ESULTS
A. Depth Estimation Results
The USF Human-ID database [16] consists of 100 laserscanned 3D faces of 100 different subjects. Each face model
in the database has 75,972 vertices. The database contains
25 female and 75 male subjects of various ethnicities including
Caucasian, Asian, Indian, Latino, and African. The scanning
process used Cyberware Head and Face Color 3D Scanner
that captures an array of digitized points, with each point
represented by X, Y and Z coordinates for the surface
structure of a face and 24-bit RGB values for color texture.
We observe the patterns of feature disparity and the depth
error as an optimization iterates and with more face images
for training. A male Caucasian model shown in Figure 1(b)
was arbitrarily selected as the reference face model (S0).
2D images of three query subjects are used for testing,
a male Caucasian (S1), a male Asian (S2), and a female
Caucasian (S3), as shown in Figure 4. Figure 5 shows the
trends of feature disparity ε(n) and depth error E(n) for
successive iterations for the three testing subjects. The
depth error E(n) at n-th iteration is given by the average
error between ground truth depth Z̃ i and the estimated
depth ki (n)Z i :
E(n) =

1
N

N





 Z̃ i − ki (n)Z i 

(21)

i=1

For all subjects, the feature disparity as well as the depth
error decreases as the iteration progresses. This reveals that

Fig. 5. Convergence of the feature disparity and the depth error. (a) Feature
disparity in the normalized 2D face image space and (b) Depth error in the
3D face model space.

Fig. 6. Depth error as a function of the number of training images of the
same person used to morph the reference model.

the morphing process reduces the feature disparity as well
as the 3D depth error between the reference model and the
3D model of the query subject. Figure 6 shows the depth error
for the three query subjects when multiple 2D face images
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Fig. 7. Pose estimation errors for 6 different images of a male Asian (MA)
subject using a male Caucasian (MC) reference model.

of the query subjects were used to morph the reference
3D face model (S0). The depth error decreases as more
2D training images are used to morph the reference 3D model.
B. Head Pose Estimation Results
To evaluate the performance of the proposed head pose
estimation technique, we use the mean absolute error (MAE)
of nodding and shaking angles of head pose as the evaluation
metric. The pose estimation error is computed by averaging
the difference between the ground-truth and the estimated pose
angles for all images. Figure 7 shows pose estimation errors
for 6 different images of a male Asian (MA) subject with
different pose using a male Caucasian (MC) reference model
from the USF Human-ID database with and without morphing.
When a 3D reference model of the original subject was used,
the pose estimation error was the smallest. Pose estimation
with an MC reference model, being selected from a different
ethnic group, produces the biggest estimation errors. The use
of morphed MC model using a single 2D non-frontal image of
an MA subject produces better results than using the reference
model without morphing.
The Pointing’04 database [17] consists of 15 sets of human
face images of size 384 × 288 of 20 to 40 images with various
poses. Out of 15 subjects, there are 12 male Caucasians,
a female Caucasian, a male Indian, and a female Asian.
Five subjects have facial hair and seven are wearing glasses.
Each set contains two sessions of 93 images of the same person
at different poses. During data acquisition people were asked
to look successively at 93 markers. Each marker corresponds
to a particular pose. Figure 8 shows four sample images with
ground-truth pose angles from the Pointing’04 dataset.
We selected 70 images per subject of 12 MC subjects
corresponding to the pose between −45 and +45 degrees.
Table I summarizes head pose estimation errors for nodding and shaking angles for 12 MC subjects using three
different face models: a graphical 3D model designed using
the Blender software [18], a MA reference model, and a

Fig. 8. Four sample images along with ground-truth pose angles of nodding
and shaking from the Pointing’04 database. (a) (30°, 15°). (b) (−30°, 30°).
(c) (15°, −45°). (d) (−15°, −15°).

MC reference model. The use of MC reference model showed
best results in pose estimation over the other two models since
the query face was also a male Caucasian. Each reference
model was morphed using an image of the query subject. The
morphed 3D models improved head pose estimation compared
with their original models without morphing. The groundtruth pose in the Pointing’04 database was obtained from the
orientation of a marker at 15 degree steps for nodding and
shaking.
Table II lists the overall performance of the proposed
method compared to three state-of-the-art methods using the
same database and evaluation metric. Gourier et al. [17]
computed the head pose using auto-associative memories
trained with the face images using the Widrow-Hoff correction
rule. They classified the head pose by comparing input face
image with those reconstructed using the auto-associative
memory. The head pose of the highest similarity score was
then selected. Tu et al. [19] used appearance variation caused
by head pose changes to define a tensor model, where pose
estimation was considered as a classification problem. The
tensor model parameters were estimated during training by
utilizing the classification performance. During testing, the
tensor model was utilized to automatically localize the nose-tip
position in the testing image and simultaneously estimate the
head pose. They cropped face images manually in an experiment and automatically in another experiment according to the
nose-tip location in both training and testing. Fenzi et al. [20]
proposed a way to learn a class representation based on feature
generative models derived from training class instances. Each
model was based on a regression function learned from the
descriptors of the same patch during training. During testing,
the pose of the query image was estimated in a maximum
a posteriori fashion by combining the regression functions
that belong to the matching classes. Compared to the other
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TABLE I
H EAD P OSE E STIMATION E RRORS FOR 12 M ALE C AUCASIAN S UBJECTS F ROM P OINTING ’04 D ATABASE (D EGREES )

TABLE II
C OMPARISONS OF H EAD P OSE E STIMATION E RRORS OF
D IFFERENT A PPROACHES (D EGREES )

algorithms that use multiple training images of the query
subject, the proposed method achieves similar performance
(9.25°, 5.68°) using no training images of the query subject.
When one or more images of the query subject are available
for training, the reference model can be morphed to improve
the performance to (7.93°, 4.65°). Unlike the approaches that
treat pose estimation as a classification problem with a finite
number of pose classes, the proposed scheme provides a
continuous value for the pose in all three directions from a
single 2D face image. For each subject, the first 35 images
were used to build the AAM and the remaining 35 images
for testing. We selected seven facial features on the training
face images used to build the AAM. The AAM fitted a shape
model represented by the features to the query face image
by iteratively adjusting the model parameters to minimize
a distance measure between the 2D shape model and the
face image. Once the fitting process is complete, the facial
features positions are extracted from the model parameters.
The average mean-absolute pose error with automatic feature
extraction was (8.44, 4.39) degrees.
VI. C ONCLUSION
This paper presents head pose estimation from a single
2D face image using a 3D face model morphed from a
reference 3D face model of a person of the same ethnicity and
gender as the query subject. Head pose angles are estimated

by minimizing the disparity between the features on the query
face image and the corresponding points on the 3D face model.
When multiple images of the query subject are available
for training, the reference model can be morphed for more
accurate model fitting. The refined 3D face model becomes
more specific to the query face image in terms of depth
errors at the feature points. The proposed morphing process
is computationally efficient since the 3D depth is adjusted by
multiplying the depth at each feature point by a scalar depth
parameter. Experiments with the USF Human-ID database
suggest that morphed 3D face model decreases depth errors
as well as feature disparity. Gender and ethnicity variations
between test subject and 3D model affect the performance of
head pose estimation. Experiments with the Pointing’04 database confirm that the proposed method successfully estimates
head pose angles from a single 2D face test image with average
errors in nodding and shaking angles of 9.25 and 5.68 degrees.
In case a 2D face image of the query subject is available, the
morphed 3D model estimates the head pose with the errors as
low as 7.93 and 4.65 degrees.
A PPENDIX
The variations of the features in each of three coordinates
were found using the USF Human-ID database [16]. For each
of M (M = 100) 3D face models in the database, a feature
vector of N (N = 7) vertices can be represented by
vs = [vs1 , vs2 , · · · , vs N ]T , s = x, y, z

(A1)

For the average feature vector v̄s , the range of the feature
points in each direction are given by
Rs = max(v̄s ) − min(v̄s ), s = x, y, z

(A2)

Then the average difference dX
1
dX =
MN

M

N



 i

vx j − v̄x j 

(A3)

i=1 j =1

and similarly, dY and dZ in each of three coordinates represent
the variation of the feature points. The percentage variations
dX/Rx , dY/R y , and dZ/Rz were 1.4%, 1.7%, and 3.5%,
respectively. The feature variations in depth were greater than
those of x- and y-coordinates.
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