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Joint Spatial and Spectral Low-Rank Regularization
for Hyperspectral Image Denoising
Jize Xue, Yongqiang Zhao , Member, IEEE, Wenzhi Liao, Senior Member, IEEE,
and Seong G. Kong, Senior Member, IEEE
Abstract— Hyperspectral image (HSI) noise reduction is an
active research topic in HSI processing due to its significance
in improving the performance for object detection and classification. In this paper, we propose a joint spectral and spatial
low-rank (LR) regularized method for HSI denoising, based on
the assumption that the free-noise component in an observed
signal can exist in latent low-dimensional structure while the
noise component does not have this property. The proposed HSI
denoising method not only considers the traditional LR property
across the spectral domain but also leverages nonlocal LR property over the spatial domain. The main contribution of this paper
is the incorporation of the low-rankness-based nonlocal similarity
into sparse representation to characterize the spatial structure.
Specially, the similar patches in each cluster usually contain
similar sharp structure such as edges and textures; LR performed
on cluster entitles to achieve a lower rank than that on the
global spectral correlation. To make the proposed method more
tractable and robust, we develop a variable splitting-based
technique to solve the optimization problem. Experiment results
on both simulated and real hyperspectral data sets demonstrate
that the proposed method outperforms state-of-the-art methods
with significant improvements both visually and quantitatively.
Index Terms— Hyperspectral image (HSI) denoising,
low-rank (LR) dictionary, nonlocal self-similarity, sparse
representation, spectrum correlation.

I. I NTRODUCTION
YPERSPECTRAL imaging (HSI) takes advantage of
abundant spectral information for object detection and
recognition in a variety of applications including urban
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planning, mapping, agriculture, forestry, and monitoring [1], [2]. However, in practice, hyperspectral data acquired
from multidetectors are unavoidably corrupted by the noise
that degrades image quality and limits discriminative precision in subsequent processing such as classification [3]–[5],
segmentation [6], unmixing [7], [8], and target detection [9], [10]. HSI denoising has been an important preprocessing step to reduce the noise of HSI in practical applications.
Several approaches have been proposed for HSI denoising
over the past decades. Hyperspectral data contain hundreds of
spectral channels, and each channel can be regarded as a grayscale image. Consequently, a number of traditional gray-level
image denoising methods, such as the nonlocal-based algorithm [11], K-singular value decomposition (SVD) [12], and
block-matching 3-D filtering (BM3-D) [13], can be directly
adopted to HSI denoising at each spectral band. HSI has
a large number of nonlocal similarity patches in the spatial
domain, and thus some nonlocal-based denoising methods
designed for gray/RGB images can be extended to HSIs.
The well-known BM3-D method exploits similarity between
nonlocal patches and similarity within patches simultaneously,
which applies 3-D filtering for a cluster of similar patches
and is considered as one of the best denoising algorithms.
Zhang et al. [14] used two-stage image denoising principal
component analysis (PCA) on a cluster of nonlocal similar
patches to extract the significant features shared by these
patches. Manjón et al. [15] exploited the use of the average
among these nonlocally similar patches; the spatial noise is
expected to be prominently alleviated. However, such denoising methods ignore the correlations across the spectral bands,
leading to relatively poor performance.
Some recent denoising methods focus on exploiting both
spectral and spatial information to improve image quality.
Chen and Qian [16] introduced an HSI denoising algorithm
by combining PCA transform and the wavelet shrinkage in
one framework. Their method performs HSI denoising in
PCA domain, i.e., utilizes the Sendur and Selesnicks bivariate
wavelet [17] to reduce the spectral noises followed by 2-D
dual-tree complex wavelet for spatial noise reduction [18].
Yuan et al. [19] denoised the HSIs in two stages by using
the spectral or the spatial information separately and then
fused both results according to the Q-metric [20]. Both HSI
denoising methods proposed in [16] and [19] exploit the spectral and spatial information separately. Zhong and Wang [21]
simultaneously modeled and utilized spatial and spectral dependences in a unified probabilistic framework by
using the multiple-spectral-band conditional random fields.
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Fig. 1. Illustration of HSI priors. (a) Spectral domain. The red curves show the singular values of one matrix with columns of vectorized HSI bands.
(b) Spatial domain. The blue curves show the singular values of another matrix with columns of vectorized one cluster of similar patches.

Lam et al. [22] presented a two-stage denoising framework
that first stage emphasizes denoising in the spectral domain
and then uses spatial information to further improve spectral
domain denoising. To sum up, all these spatial–spectral techniques have achieved desirable denoising results.
Low-rank (LR) regularization has been widely exploited in
computer vision and data mining [23], [24], as its efficient
and strong abilities to model the corresponding problems
reveal the low-dimensional structure of high-dimensional data.
In an HSI, increasing adjacent spectral bands will inevitably
generate strong spectral correlations and explicitly interpret the
latent LR structure over the spectral domain in HSI. Recently,
LR-based methods have also been extended to the HSI
denoising. Zhao and Yang [25] proposed an HSI denoising
method by jointly utilizing the local/global redundancy and
correlation (RAC) of HSI. Particularly, this method utilized
sparse coding to model the global RAC and the local RAC
in the spatial domain and then used an LR constraint to deal
with the global RAC in the spectral domain, with improved
performance. Zhang et al. [26] explored the LR property
of the image matrix for HSI restoration by rearranging an
HSI as a 2-D matrix, and utilized two different numerical optimization algorithms (i.e., the Go decomposition [27]
and the augmented Lagrange multiplier) to solve the proposed restoration model. They also presented a noise-adjusted
iterative LR matrix approximation (NAILRMA) method [28]
for mixed-noise reduction by considering the patch-wise lowdimensional property of clean HSI. Recently, they presented
a spatial–spectral HSI mixed-noise removal method named
total variation (TV)-regularized LR (LRTV) matrix factorization [29], whose LR model is used to represent the
spectral correlations, and the TV regularization is utilized
to capture the spatial piece-wise smooth structure. Instead
of considering a classic nuclear norm, Xie et al. [30]
introduced a nonconvex LR regularizer, i.e., weighted Schatten
p-norm, not only to give better approximation to the
original LR assumption but also to consider the importance of

different rank components, which can accomplish the recovering task of the LR and sparse components of a given
mixture noise matrix. Fu et al. [31] simultaneously explored
spectral and spatial correlations via LR regularizations by
exploiting extensive structure sparsity for coded HSI restoration. Their method formulated the restoration problem into
a variational optimization model, and was solved via an
iterative numerical algorithm. Besides, to better combine the
spatial and spectral information, tensor-based approaches have
been presented. Renard et al. [32] presented an LR tensor
approximation (LRTA) method by employing the Tucker factorization [33] method to obtain the LR approximation of an
input HSI. Liu et al. [34] designed the PARAFAC method
by utilizing the parallel factor analysis [35] to denoise the
HSI. However, this model has problems in the uniqueness of
decomposition and the accurate estimation of rank. Taking into
account both global correlation along spectrum and nonlocal
self-similarity across space in a multispectral image (MSI),
the approach in [36] presented a tensor dictionary learningbased method. However, challenges remain on accurately
estimating the rank of a tensor, which has a big impact on
the performances of noise reduction. By jointly considering
Tucker and CP factorization, a new sparsity measure complying with its physical meaning is presented to more rationally
characterize tensor data to finely rectify the recovery of an
MSI from its corruption [37].
In many real applications, an HSI is typically corrupted by
various types of noises, e.g., Gaussian noise, mixed Poisson–
Gaussian noise, dead pixels, and stripes. Some methods combined the spectral LR regularization with the other constraints,
e.g., sparse representation and TV regularization, to separate
the LR clean HSI and the sparse noise (i.e., Gaussian noise,
dead pixels, and stripes) [25], [29]. Unfortunately, these methods cannot effectively remove the heavy Gaussian noise and
mixed Poisson–Gaussian noise on account of the absence of an
appropriate spatial constraint. In Fig. 1(a), we show the curve
of the singular values of a matrix whose columns comprise
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TABLE I
S OME N OTATION U SED IN T HIS PAPER

vectorized bands of the HSI. The slow decaying trend of the
red curve indicates the weak correlation in the spectral domain.
Inspired by the methods using the nonlocal information to
remove the mixed Poisson–Gaussian noise [36]–[38], we propose a joint spectral and spatial LR (SSLR) regularization
method to restore HSIs corrupted by various types of noises
in this paper. Our proposed method takes into account the
spatial nonlocal information in denoising model. Specifically,
we group a set of similar patches and formulate clusterbased sparse representation model, as shown in Fig. 1(b);
the drastically decaying trend of the blue curve indicates the
strong correlation among the spatial nonlocal patches. Let us
define the accumulation
 energy ratio of top k singular values as

AccEgyR = ki σi / ni σi , where σi is the i th singular value
of a matrix and n is the number of all singular values. The
arrow box for the red curve indicates that the top 20 singular
values can attain the ratio 0.9071 in Fig. 1(a), while the arrow
box for the blue curve indicates that only the top three singular
values can attain the ratio 0.9806. These quantitative values
justify that the HSI has rather strong correlation among its
spatial nonlocal patches compared with spectral correlation.
Because nonlocal patches usually contain similar materials,
LR performed on these clustered patches is able to achieve
a lower rank than that on the global spectral correlation.
To distinguish it from the spectral low rankness, we call it
the spatial nonlocal low rankness.
In this paper, our proposed method couples both SSLR properties together in one framework. Instead of only exploring single spectral LR prior knowledge of the clean HSI (like [25]),
we also consider the spatial nonlocal LR property. The main
ideas and contributions of the proposed method are threefold.
First, different from the previous characterization about LR
prior [25]–[29], which explore the spectral correlation with
explicitly Gaussian noise modeling, we resort to the dictionary
LR constraint in sparse frame to deliver spatial nonlocal low
rankness, as well as separating the signal and noise component
more accurately. To the best of our knowledge, the use of
such kind of regularizer for HSI denoising has not been
investigated yet.
Second, unlike the traditional dictionary learning methods
(i.e., K-SVD [12] and [25]) to learn a general dictionary,

the proposed method can capture the nonlocal highly redundant structure across the spatial domain to learn self-adaptive
LR dictionary from the corresponding cluster with more
robustness and effectiveness. With the weighted nuclear norm
minimization to dictionary learning, it does not require high
computational complexity to solve large-scale optimizations.
Third, the joint SSLR regularization is integrated into a
schema, in which the alternative minimization method (AMM)
is utilized and extended to solve the proposed model. Extensive
experimental testing shows that the proposed method can
effectively remove the noises and recover details of the original
scene compared with many state-of-the-art methods, in both
the quantitative evaluation and the visual comparison.
Explicitly, all mathematical symbols can be listed in Table I
before starting formula, where σi (X) denotes the i th singular
value of X.
The remainder of this paper is structured as follows.
Section II briefly reviews the related work. Section III
details the proposed SSLR method for HSI denoising.
Then, the denoising mathematical algorithm is presented
in Section IV. Experimental results and analysis are reported
in Section V, and conclusions are drawn in Section VI.
II. R ELATED W ORKS
A large set of spectra can be suitably represented by
low-dimensional linear models [39]. This implies that different
spectra of realistic scenes contain redundancy. To account for
this property, we properly analyze the spectral LR structure
across the bands, as illustrated in Fig. 1(a).
The noise model of an HSI can be represented by
Y = X + E, X, Y, E ∈ R M×N×B . Simplicity, we represent the
Y , X, and E in the same notation as the corresponding Casorati
matrices (a matrix whose columns comprise vectorized bands
of the HSI). Then the spectral LR matrix X can be recovered as
X = arg min rank(X), s.t. Y − X2F ≤ σ 2

(1)

X

where σ 2 is the variance of the additive Gaussian noise.
The minimization problem in (1) can be represented in
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number is P = (M − w + 1)(N − w + 1). Each constructed
patch contains local spatial information while preserving the
global spectral dimensionality, which can easily help us to
consider the two important properties that underlie an HSI:
the nonlocal similarity in the spatial domain and the global
correlation across all spectral bands. By extending the nonlocal
method for HSIs, then we employ the Euclidean distance
as the measure of similarity to group similar FBPs into
clusters denoted by x k (k = 1, 2, . . . , K ). Therefore, x k can
be described as
Fig. 2.
Spatial noise removal mechanisms in SL-RAC and SNL-RAC.
(a) Nonlocal similar patches in HSI. (b) SL-RAC-based denoising.
(c) SNL-RAC-based denoising.

Lagrangian form
X = arg min Y − X2F + μrank(X).

(2)

X

Equation (2) is equivalent to (1), with a proper parameter μ.
A common assumption in subspace analysis is that the estimated signals in HSI are highly correlated among the spectral
channels, whereas the noise is irrelevant because of its random
distribution.
III. P ROPOSED M ETHOD FOR H YPERSPECTRAL
I MAGE D ENOISING
In [25], it is well known that the sparse representation
and LR (SRLR)-based method achieve an excellent sparse
noise removal performance. However, the method cannot
completely remove heavy Gaussian noise, string noise, and
mixed Poisson–Gaussian noise; this is because for a heavily corrupted patch (which has too much noise), its spatial
structure information may have been lost. Only using single
spatial local RAC (SL-RAC) will be difficult in recovering the
clean HSI if no auxiliary information is introduced. To solve
this problem, spatial nonlocal RAC (SNL-RAC) is exploited,
in which nonlocal similar patches are assembled into a cluster.
As shown in Fig. 2(a) and (c), the patch represented by the
red rectangle is the to-be-reconstructed patch, and the patches
represented by the green rectangles are the most similar
patches found in the image. The benefits from introducing
the “cluster” concept here are twofold. First, the addition
of similar patches will bring in extra spatial information
to help reconstruct the corrupted spatial structure in the
to-be-reconstructed patch shown by the red rectangle. Second,
the stripe noise will be more sparse over the whole group
of patches than over the noisy patch itself. In this section,
we incorporate the spatial nonlocal LR regularization into
the spectral LR-based HSI denoising model to explore the
SNL-RAC of the HSI, as presented in Fig. 3.
A. Analysis of the Spatial Low-Rank Property of HSI
HSI patches can be constructed in a similar fashion to
conventional RGB images. We first segment HSI X into
many overlapped 3-D full-band patches (FBPs) of the size
w × w × B and then collect these 3-D patches as a patch
P ∈ R w×w×B (w < M, w < N), where the patch
set {X i }i=1

x k = Rk X

(3)

where Rk is the matrix to extract patch x k from X. Then,
we introduce a linear transform operator T that reshapes the
3-D cubic patch cluster as 2-D matrix, i.e., X k = T (x k ). For
simplicity, we use the same representation, X k = Rk X. For
each cluster, the version via cluster-based sparse representation
is formulated as
{D, α} = arg min
{D k ,α k }

K



Rk X − D k α k 2F + ηα k 1

(4)

k

where D = {D 1 , D 2 , . . . , D K } and α = {α 1 , α 2 , . . . , α K }.
Mathematically, each cluster is composed of similar
structures, which makes it substantially belong to a lower
dimensional linear or affine subspace or manifold. Existing
the over-redundant structure and feature in cluster, i.e., texture
and detail information, each cluster can be represented reasonably by low-dimensional space. We analyze a general linear
2
representation model X k = D k α k , where X k ∈ R w B×m is a
2
cluster of simlilar patches, D ∈ R w B×m can be regarded as
a dictionary, and α k ∈ R m×m is the corresponding coefficient.
Based on the properties of the rank of matrix multiplication,
we can derivate the equality as follows:
rank(D k α k ) ≤ min(rank(D k ), rank(α k )).

(5)

Further, (5) turns to the following formula:
rank(X k ) ≤ min(rank(D k ), rank(α k )).

(6)

Explicitly, if D k is of low rankness, X k will certainly meet
the LR properties, i.e., Rk X is of low rankness in (4). However,
we do not know any prior on the dimension of the subspace.
Based on the above analysis, the LR property of Rk X can
be characterized by the LR constraint of base space D k .
Therefore, during sparse representation and dictionary learning, we propose a nonlocal LR dictionary (NLRD) for spatial
low-rankness constraint, which can be formulated as
K


{D, α} = arg min
Rk X − D k α k 2F
{D k ,α k } k

+ ηα k 1 + λrank(D k ) (7)
where λ is the regularization parameter.
To comprehend NLRD model more clearly, we make a comparison between (4) and (7) (i.e., previous cluster-based sparse
representation and dictionary learning for HSI denoising). The
differences between (4) and (7) consist in the approach and
unit of dictionary learning. The advantages of (7) are mainly
fivefold. First, since the cluster is composed of patches with
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Schematic of the proposed HSI denoising method using joint spatial and spectral LR regularizations.

similar structures over the spatial domain, NLRD exploits
self-similarity explicitly in dictionary learning, which is more
robust and effectual. Second, rather than learning a general
dictionary D for all patches in (4), a more self-adaptive and
effective NLRD D k is designed for each X k . Third, instead
of requiring high computational complexity to solve largescale optimizations, the proposed self-adaptive NLRD learning
of D k is low complexity. Fourth, each cluster after grouping
contains spatial–spectral information, which trained dictionary
can not only remove noise component but also promote to
alleviate spectral distortion. Fifth, the similar structures of
the cluster will motivate the learned LR dictionary to more
sparsely characterize the signal instead of noise, in which the
sparse coefficients have zero or small part for the same set of
items.
B. HSI Denoising by Spectral and Spatial Joint
Low-Rank Regularization
We propose a new method for HSI denoising by exploiting
the rich redundancy across spectral bands and nonlocal selfsimilarity along spatial domain. We can then carry out the
following regularized optimization problem:
arg min μrank(X) +

{X,D k ,α k }

s.t. Y − X2F ≤ σ 2 ,

K


{λrank(D k ) + ηα k 1 }

k

Rk X = D k α k .

(8)

To recover X from its noisy version Y , we convert the constrained optimization problem into an unconstrained version
{X, D k , α k } = arg min Y − X 2F + μrank(X)
K



ρRk X − D k α k 2F + λrank(D k ) + ηα k 1 . (9)
+
k=1

The rank function rank(X) or rank(D k ) in (9) is nonconvex,
which is proven to be NP-hard, and all known algorithms for
exactly solving it are doubly exponential [40]. A tractable
approach is to optimize its convex envelope, i.e., nuclear
norm ∗ , and thus solve it by convex optimization [41]. The
nuclear norm of X is
defined as the summation of all singular
nX
σr (X) for spectral low rankness and
values, i.e.,X∗ = r=1
n
D
D k ∗ = r=1 σr (D k ) for spatial low rankness. To improve
the flexibility and robustness of the nuclear norm, we propose
a weighted nuclear norm by adaptively adjusting the weight

for each singular value in the optimization processing, similar
to [42]. The weighted nuclear norm of matrix X is formulated as
nX

ωr σr (X)
(10)
Xw,∗ =
r=1

where ωr ≥ 0 is a nonnegative weight for σr (X).
For general images, we have the general prior knowledge
that larger singular values are more important, and should be
less shrunk (i.e., the weight ωr to be inversely proportional
to σr (X))
1
wr =
(11)
σr (X) + δ
where δ is a small constant value. A similar definition
applies D k . Therefore, the optimization problem for our proposed HSI denoising in (9) can be further relaxed as
{X, D k , α k } = arg min Y − X2F + μXw,∗
K



ρRk X − D k α k 2F + λD k w,∗ + ηα k 1 . (12)
+
k=1

C. Discussion
We propose a generic formulation for HSI denoising with
joint spatial and spectral LR regularizations as described
in (12). With different settings for μ, λ, η, and the number
of patch clusters: K , (12) reduces to various HSI denoising
models as follows.
1) SRLR Regularization [25]: When λ = 0 and K = 1,
the proposed method reduces to SRLR model. In this
case, the local RAC in spatial domain and global RAC in
spectral domain are taken into account, but the nonlocal
similarity properties are not exploited.
2) Sparse and Redundant Representations (K-SVD) [12]:
When μ = λ = 0 and K = 1, the proposed method
reduces to K-SVD model. In this case, only the local
RAC in spatial domain is considered, whereas both
global RAC in spectral domain and nonlocal similarity
properties in spatial domain are not employed.
IV. HSI D ENOISING A LGORITHM
To solve our proposed denoising model that couples
LR dictionary D k , and the sparse coefficient α k together
in a unified framework, we apply the variable splitting
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technique [41], [43], [44] and introduce two new auxiliary
variables, U and Z , where Z = {Z 1 , Z 2 , . . . , Z K }. Variable X
in the third term and each D k in the second term are replaced
by U and corresponding Z k , respectively. With two constraint
terms, X = U and D k = Z k , we can reformulate (12) as
{X, D , U, Z , α } = arg min Y −
+ μU w,∗
K



+
ρRk X − Z k α k 2F + λD k w,∗ + ηα k 1 (13)
k

k

k=1

such that X = U and D k = Z k . We solve the following
unconstrained counterpart with two penalty terms for two
proper parameters, β and γ :
{X, D k , U, Z k , α k }
= arg min Y − X 2F + μU w,∗ + γ X − U 2F
K


ρRk X − Z k α k 2F + λD k w,∗
+

+ ηα k 1 + βD k − Z k 2F .

{α} = arg min
αk

K


ρRk X −

Z k α k 2F

+ ηα 1

αk

K

1
k=1
k

2

Rk X − Z k S k 2F +

(15)

(16)

We obtain the following augmented Lagrangian function by
applying ADMM [40] to (16):
K

1
k=1

2

Rk X −

Z k S k 2F

η
α k 1
+
2ρ

where V = {V 1 , V 2 , . . . , V k } is the Lagrangian multiplier
of each cluster (ω > 0). Then solving (17) consists of the
following alternative iterations:
= arg min L ω (α

k

,S ,V

k( j )

)

(18)

Sk

α k( j +1) = arg min L ω (α k , S k( j +1) , V k( j ) )

(19)

αk

where j is the iteration number and Lagrangian multiplier
is updated by
V

=V

k( j )

+ ω(S

k( j +1)

−α

k( j +1)

).

K



(21)
(22)

+

ρRk X − Z k α k 2F + βD k − Z k 2F . (23)

k=1

K


T

Vk

(20)

T

(ρ Rk X(α k ) + β D k )(ρα k (α k ) + β I )

−1

. (24)

k=1

(III) Optimizing D by fixing X, Z , U , and α
K


{D} = arg min
Dk

βD k − Z k 2F + λD k w,∗ .

(25)

k=1

Substituting (10) to (25) gives
{D} = arg min
Dk

K


βD k − Z k 2F + λ

nZ


wr σr (D k ).

(26)

r=1

k=1

According to [46] and [48], (26) can be optimized by
D k = Uk (

k )Vk

T

(27)

where Uk k Vk is the SVD of
k = diag(δ1 ,
δ2 , . . . , δn Z ), and δi is the i th singular value of matrix Z k .
U k and V k are the left and right singular matrices, respectively.
Applying the soft thresholding to k , we can obtain ( k ) =
diag((δi − ((λwr )/2β))+ ).
(IV) Optimizing U by fixing X, Z , D, and α
T

Zk,

{U } = arg min γ X − U 2F + μU w,∗ .

(28)

U

Substituting (10) to (28) gives
{U } = arg min γ U −

2

 k
Vk
k
 (17)
α
+ ω
−
S
+

2ω  F

k( j )

V k( j ) η
,
2ω 4ρω

S k( j +1) +

= Soft

V k( j )
−
2ω


where Soft(·) denotes a soft-shrinkage operator and
[x]+ = max(x, 0).
(II) Optimizing Z by fixing X, D, U , and α

Z=

η
α k 1
2ρ

s.t. α = S .
k

k( j +1)

α

k( j )

A closed-form solution exists for Z in (21)

(14)

k


k( j +1)

k=1

{α} = arg min

S

× (Z ) Rk X + 2ω α
k T

Zk

which is convex and can be efficiently solved by the iterative shrinkage/thresholding algorithm (ISTA) [46]. However,
the convergence rate of the ISTA algorithm tends to be slow.
For a fast convergence rate, we use the ADMM technique to
solve (15). To apply ADMM [47], we reformulate (15) into

k( j +1)

S k( j +1) = ((Z k )T Z k + 2ωI )−1



{Z } = arg min

For the objective function (14), the AMM is used [45].
We optimize (14), with respect to part variables, by fixing
others, and then it reduces to the following optimization
subproblems.
(I) Optimizing α by fixing X, D, U , and Z

L ω (α, S, V ) =

Both subproblems in (16) admit closed-form solutions,
namely

X 2F

k

k=1

1945

U

X2F

+μ

nU


wr  σr  (U ).

(29)

r  =1

Similar to (26), it is easy to obtain the solution of (29).
The SVD of matrix X is U   V  T , where  = diag(ψ1 ,
ψ2 , . . . , ψnU ) and ψi is the i th singular value of matrix X.
U  and V  are the left and right singular matrices, respectively.
Applying the soft thresholding to  , we can obtain
U = U (



)V T

(30)

where (  ) = diag((ψi − ((μwr  )/2γ ))+ ).
(V) Optimizing X, by fixing U , Z , D, and α
X = argmin X − Y 2F + γ X − U 2F
X

+

K

k=1

ρRk X − Z k α k 2F .

(31)
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Algorithm 1 Proposed Joint Spatial and Spectral LR Regularization for HSI Denoising
Input: Noisy HSI Y
Output: Denoised HSI X
Initialization:
(a1) Initialize X = Y, U = Y ;
(b1) Set parameter μ, λ, η, β and γ , l = 1, maximum number of iterations is L.
Outer loop: for l = 1 : L do
(a2) Construct a set of clusters for the each exemplar patch via k-NN search Y k (k = 1, · · · K ), D k = Y k , Z k = Y k ;
(b2) For each cluster, AMM is for solving the optimization problem.
Inner loop: for k = 1, 2, · · · K do
(1) Solving the sparse coefficient
Inner loop: for j = 1, 2, · · · J do
√
2
(I) Estimation parameter ηk via Bayes framework: ηk = 2 2δkcσ (η = η1 , η2 , . . . , η K ) ;
(II) Update S k( j +1) and α k( j +1) :
S k( j +1) = arg min L ω (α k( j ) , S k , V k( j ) ), α k( j +1) = arg min L ω (α k , S k( j +1) , V k( j ) ) ;
αk

Sk

(III) Update V k( j +1) :V k( j +1) = V k( j ) + ω(S k( j +1) − α k( j +1) );
(IV) Update ω := κω(κ > 1);
(V) Update α k = α k( j +1) ;
End for


2
2
(2) Solving auxiliary variable Z k : {Z k } = arg min ρ  Rk X − Z k α k  F + β  D k − Z k  F ;
k
 Z
 
2
(3) Solving NLRD D k : {D k } = arg min β  D k − Z k  F + λ D k w,∗ ;
Dk

End for
(c2) Solving auxiliary variable U : {U } = arg min γ X − U 2F + μU w,∗ ;
U

(d2) Solving the denoised HSI X : {X} = (I + γ I + ρ
(e2) Update β (l+1) = 1.05β (l) and γ (l+1) = 1.05γ (l) ;
End for

K

k=1

A closed-form solution exists for X in (31)

−1
K

T
X = I +γI +ρ
Rk Rk
k=1



× Y + γU + ρ

K




Rk T Rk )−1 (Y + γ U + ρ

K


Rk T Z k α k );

k=1

4) LRTV matrix factorization [29], and state-of-the-art for the
tensor-based approach; 5) LRTA [32]; and 6) PARAFAC [34].
All parameters of the compared methods are optimally
assigned or automatically chosen as described in the reference
papers. For convenience, our method is short for SSLR.

Rk T Z k α k . (32)

k=1

The proposed HSI denoising algorithm can be implemented
by repeating the above five problems; the iteration will stop
when it meets the terminating conditions. The iteration termination conditions can be set to two iterative objective function
values or the objective function solution is not changed significantly; it can also set the algorithm running time upper limit.
In the experiment, we set the maximum number of iterations
for termination conditions. The algorithmic procedure of the
proposed method, which jointly exploits the spectral and
spatial LR properties for HSI denoising, is formally stated
as Algorithm 1.
V. E XPERIMENT R ESULTS AND D ISCUSSION
To demonstrate the effectiveness of the proposed algorithm,
we compare our denoising results with six recently developed denoising methods, including: 1) SRLR constraint [25];
2) LR matrix recovery (LRMR) [26]; 3) NAILRMA [28];

A. Simulated Data Experiments
Evaluation measures: To quantitatively assess the performances of all competing methods, we employ five quantitative
picture quality indices (PQIs) for evaluation, including peak
signal-to-noise ratio (PSNR), structure similarity (SSIM) [49],
feature similarity (FSIM) [50], erreur relative globale adimensionnelle de synthesize (ERGAS) [51], and spectral angle
mapper (SAM) [52]. The denoising metrics (MPSNR, MSSIM,
MFSIM, MERGA, or MSAM) for each HSI are calculated
as the average of the band-wise results. PSNR and SSIM
are two conventional PQIs in image processing and computer vision. They evaluate the similarity between the target
image and the reference image based on MSE and structural
consistency, respectively. FSIM emphasizes the perceptual
consistency with the reference image. The larger these three
measures are, the closer the target HSI is to the reference one.
ERGAS and SAM usually appear corporately in the literature
since they extract complementary information from an HSI.
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Fig. 4. Visual quality comparison of the denoising results of band 100 in severe noise level (σ = 50). (a) Original image. (b) Noisy image. (c) LRMR.
(d) LRTV. (e) NAIRLMA. (f) PARAFAC. (g) LRTA. (h) SRLR. (i) SSLR.

Fig. 5. Visual quality comparison of the denoising results of band 150 in severe noise level (σ = 50). (a) Original image. (b) Noisy image. (c) LRMR.
(d) LRTV. (e) NAIRLMA. (f) PARAFAC. (g) LRTA. (h) SRLR. (i) SSLR.

ERGAS measures fidelity of the restored image based on the
weighted sum of MSE in each band, and SAM calculates the
average angle between spectrum vectors of the target HSI and
the reference one across all spatial positions. Different from
the former three measures, the smaller these two measures are,
the better does the target HSI estimate the reference one. Note
that SAM fully reflects the fidelity of the spectral reflectance
of the target HSI.
1) Heavy Noise Removal in Washington DC Mall: We test
the proposed algorithm for the heavy Gaussian noise removal
in a public HSI database, the Washington DC Mall, and we
select the target region of size 200 × 200 × 191. To validate
the proposed algorithm at two different noise intensity levels,
σ = 50 and σ = 80, respectively. Figs. 4 and 5 show the

denoising results of band 100 and band 150, respectively,
under the noise level of σ = 50. From the enlarged part of
the denoising results, the LRTV method appears effective, but
with blurred edges and the loss of texture details, because the
TV regularization enhances only the local spatial information.
Visual artifacts of the PARAFAC and LRTA results are severe.
The SRLR utilizes only the local RAC to sparsely code the signal component, neglecting the nonlocal information. Although
LRMR and NAIRLMA methods avoid the oversmoothing
problem and image artifacts, the image fidelity is not high
enough due to residual noise, compared with the proposed
method.
Figs. 6 and 7 show the denoising results of band 20 and 150,
respectively, under the noise level of σ = 80, and present
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Fig. 6. Visual quality comparison of the denoising results of band 20 in severe noise level (σ = 80). (a) Original image. (b) Noisy image. (c) LRMR.
(d) LRTV. (e) NAIRLMA. (f) PARAFAC. (g) LRTA. (h) SRLR. (i) SSLR.

Fig. 7. Visual quality comparison of the denoising results of band 150 in severe noise level (σ = 80). (a) Original image. (b) Noisy image. (c) LRMR.
(d) LRTV. (e) NAIRLMA. (f) PARAFAC. (g) LRTA. (h) SRLR. (i) SSLR.

magnified parts of the results in the cyan and red boxes.
By comparing the denoising results of the six methods,
it can be clearly seen that the proposed method outperforms
the other methods and effectively suppresses the heavy
Gaussian noise. Under the tensor framework, PARAFAC lacks
accurate estimation for the rank of HSI, which fails to
separate the signal-dominant component and noise perfectly.
LRTA produced relatively worse results because of a little
residual noise. Although SSLR considers global correlation
in spectral domain, but when HSI is polluted by much heavy
Gaussian noise, the sparse coding only by local spatial prior
information will lead to large error, which goes against noise
removal. Compared with the LRMR, LRTV, and NAIRLMA,
the proposed SSLR produced better results on Gaussian

noise removal. The visual fidelity of the proposed method
is higher than SRLR’s, as the proposed method applies LR
regularization on dictionary using nonlocal similarity over the
spatial domain. Figs. 8 and 9 show the PSNR, SSIM, and
FSIM values of each band of the Washington DC Mall data
under severe noise levels σ = 50 and σ = 80, respectively.
The PSNR, SSIM, and FSIM values are higher than those
of the other six methods, indicating that the proposed SSLR
method outperforms the other methods in HSI noise removal.
To further compare the performances of all the denoising algorithms, we calculate the mean spectral angle
distance (MSAD) of all the spectral signatures between the
noise-free and the denoised HSI. Table II gives the MSAD
values in degree of all denoised HSIs. Here, it can be clearly
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Fig. 8.

Comparison of (a) PSNR, (b) SSIM, and (c) FSIM of the denoising results in moderate noise level (σ = 50).

Fig. 9.

Comparison of (a) PSNR, (b) SSIM, and (c) FSIM of the denoising results in moderate noise level (σ = 80).
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TABLE II
AVERAGE S PECTRAL D IFFERENCE IN D IFFERENT N OISE L EVELS

spectral difference curves above, we can observe that the
spectrum distortion of the proposed approach is closer to zero
in these pixels. The proposed denoising algorithm employs
LR properties of the spectral dimension of noise-free HSI
due to high correlation between the spectral bands. An NLRD
should be learned from the similar image patch cluster itself,
which faithfully preserves the spectral information. Essentially,
the learned dictionary is exploited to reconstruct the spectral
information of noise-free HSI.

Fig. 10. Spectral reflectance difference values on pixel (60, 60) of Washington
DC Mall under noise level σ = 80.

seen that the proposed SSLR method produces better spectral
signatures than the other denoising methods in heavy noise
pollution. For ease of comparison, the best results are in bold
in Tables II–IV. HSI denoising tends to cause spectral distortion. Excessive distortion often leads to accumulated errors
in subsequent detection, classification, and recognition tasks.
Fig. 10 shows spectral distortion curve of special pixel (60, 60)
between the original HSI and denoising results of all different
denoising methods under noise levels σ = 80. From the

2) Mixed-Noise Removal in San Diego: In this section,
San Diego data set is used to test all the denoising algorithms
for the mixed Gaussian–Poisson noise removal. In the experiments, only a subimage of size 300 × 300 × 189 is used and
the reflectance values of all the voxels in the HSI are scaled
into the interval [0, 1]. In the setting of mixed noise, standard
derivations of Gaussian noise vary from 0.05 to 0.25, and the
variance of Poisson noise is fixed at Y/2κ , wherein κ varies
from two to six.
For the simulated process, we first add noise as in the following two cases. In the first case, we perturbed the San Diego
with Gaussian noise of fixed variance values σ = 0.10, and
Poisson noise κ from 2 to 6. In the second case, we used σ
from 0.05 to 0.25 and fixed κ = 4. For mixed noise, we have
applied the variance-stabilizing transformation (VST) [53] and
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TABLE III
AVERAGE D ENOISING P ERFORMANCE C OMPARISON OF S EVEN C OMPETING M ETHODS W ITH R ESPECT
TO F IVE PQIs OF THE S AN D IEGO D ATA U NDER F IXED σ = 0.10 AND κ (2 TO 6)

Fig. 11. Visual quality comparison of the denoising results of band 100 by the mixture of Gaussian noise (σ = 0.10) and Poisson noise (κ = 2). (a) Original
image. (b) Noisy image. (c) LRMR. (d) LRTV. (e) NAIRLMA. (f) PARAFAC. (g) LRTA. (h) SRLR. (i) SSLR.

its inverse to noisy spectral images before and after applying
a test denoising method.
Figs. 11 and 12 give the denoising results of two typical
bands in different case, respectively. In terms of different
noise levels, the original HSI is contaminated by mixture
Gaussian–Poisson noise in Fig. 11, which Gaussian noise is
light (σ = 0.10) and Poisson noise is heavy (κ = 2), while

the original HSI is corrupted by mixture noise in Fig. 12,
with heavy Gaussian noise (σ = 0.25) and light Poisson noise
(κ = 4). The magnified parts of the results are presented in
red and cyan boxes. By comparing the denoising results of the
seven methods, it can be clearly seen that the proposed method
performs the best, which not only effectively suppresses the
mixture noise but also better recovers HSI details like edges
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TABLE IV
AVERAGE D ENOISING P ERFORMANCE C OMPARISON OF S EVEN C OMPETING M ETHODS W ITH R ESPECT
TO F IVE PQI S OF THE S AN D IEGO D ATA U NDER F IXED κ = 4 AND σ (0.05 TO 0.25)

Fig. 12. Visual quality comparison of the denoising results of band 100 by the mixture of Gaussian noise (σ = 0.25) and Poisson noise (κ = 4).
(a) Original image. (b) Noisy image. (c) LRMR. (d) LRTV. (e) NAIRLMA. (f) PARAFAC. (g) LRTA. (h) SRLR. (i) SSLR.

and textures. Concretely, the LRMR and NAIRLMA have a
better denoising performance; the restored HSIs still relatively
blur many details compared with the ground truth, which are
also reflected from their PSNR and SSIM values in the band.
The LRTA can recover part information in the first case, but
the noise removal results become worse in the second case.
The PARAFAC can hardly remove this complex mixture noise

from the images. This is mainly because the accuracy of
tensor rank estimation in PARAFAC decomposition has a great
influence on the performance of HSI denoising. On the one
hand, estimation of the tensor rank is an NP-hard problem
and the denoising performance is sensitive to the tensor rank
estimation. On the other hand, we have applied the VST to
approximate the mixed noise as additive Gaussian noise, and
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Fig. 13.

Comparison of (a) PSNR, (b) SSIM, and (c) FSIM of the denoising results by the mixture of σ = 0.10 Gaussian noise and κ = 2 Poisson noise.

Fig. 14.

Comparison of (a) PSNR, (b) SSIM, and (c) FSIM of the denoising results by the mixture of σ = 0.25 Gaussian noise and κ = 4 Poisson noise.

the variance of additive noise needs to be re-estimated and
the estimation bias is inevitable, which estimation bias of the
variance will further enlarge the tensor rank estimation bias.
Both LRTV and SRLR remove the mixed noise completely,
while lost the structure information and blur the edges and
textures.
The denoised results of the different algorithms for the HSI
data in Case 1 and Case 2 are presented in Tables III and IV,
respectively. Here, it is clear that the proposed method provides the highest values in MPSNR, MSSIM, and MFSIM and
the lowest MERGA and MSA, which confirms the advantage
of the proposed method over the other methods, because of
the introduction of the adaptive nonlocal LR regularization in
spectral domain. Figs. 13 and 14 show the PSNR, SSIM, and
FSIM values of each band of in the Case 1 and Case 2 experiments. The PSNR, SSIM, and FSIM values are higher than
those of the other six methods in San Diego data sets, indicating that the SSLR method outperforms the other methods in
HSI noise removal. Comparing our method with SRLR, we see
that our method can produce better results, which demonstrates
that the proposed NLRD learning, which captures the characteristics of the scene, can efficiently improve the denoising
results. The proposed method is especially substantiated to
be able to best recover the spectral reflectance of the HSIs
compared with other competing methods.
B. Real Data Experiments
In this section, we evaluate the performance of the proposed
method on real HSI data sets—Urban data set with the size

307 × 307 × 210, and some bands are seriously polluted by
atmosphere and water. We use all of data without removing
any bands to more rationally verify the robustness of the
proposed method in the presence of such heavy noises.
Figs. 15 and 16 present bands 204 and 207 of the restored
images obtained by all competing methods, respectively. From
Figs. 15 and 16(a), we can see that the original HSI bands
are corrupted by complex structural noise, like the stripe
noise. It can be easily observed that the restored results from
Figs. 15 and 16(b)–(g) are not satisfied. This can be easily
explained by the fact that such structural noises are complex
and the weak spatial information in the model then naturally
degenerates the performance of the corresponding methods.
Comparatively, albeit considering less prior knowledge on the
to-be-recovered HSI, our method can still achieve a better
recovery effect in visualization; we can see that it can better
restore textures and edge details, and less preserve structural
noises. This further substantiates the robustness of the proposed method in practical scenarios.
Then we give some quantitative comparison by showing
the horizontal mean profiles of bands 204 and 207 in Urban
data set before and after denoising in Figs. 17 and 18. The
horizontal axis in Figs. 17 and 18 represents the row number,
and the vertical axis represents the mean digital number values
of each row. As shown in Figs. 17(a) and 18(a), due to
the existence of mixed noise, there are rapid fluctuations in
the curve. After the restoration processing, the fluctuations
are more or less suppressed. It is easy to observe that the
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Fig. 15. Visual quality comparison of the denoising results of all methods on band 204 in Urban HSI data. (a) Original image. (b) LRMR. (c) LRTV.
(d) NAIRLMA. (e) PARAFAC. (f) LRTA. (g) SRLR. (h) SSLR.

Fig. 16. Visual quality comparison of the denoising results of all methods on band 207 in Urban HSI data. (a) Original image. (b) LRMR. (c) LRTV.
(d) NAIRLMA. (e) PARAFAC. (f) LRTA. (g) SRLR. (h) SSLR.

restoration curve of our SSLR method provides evidently
smoother curves while preserving the information.
C. Analysis for Parameter Settings
1) Parameter Settings of w and m: To determine the optimal
values for parameters w and m, we conduct more experiments
in the simulated and real data sets, and use the mean PSNR

as the selection criterion. From Fig. 19(a), we can observe
that MPSNR achieves remarkable improvement when w is
gradually increased from three to six. This improvement can
be attributed to the increasing of patch size, which helps
the restoration of patches with corrupted structures. We can
also observe that MPSNR is quite stable when w is between
seven and nine, with the deviation about 0.12 dB. Therefore,
we can see that SSLR is robust with a reasonable range of w.
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Fig. 17. Horizontal mean profiles of band 204 in real data experiment. (a) Original image. (b) LRMR. (c) LRTV. (d) NAIRLMA. (e) PARAFAC. (f) LRTA.
(g) SRLR. (h) SSLR.

Fig. 18. Horizontal mean profiles of band 207 in real data experiment. (a) Original image. (b) LRMR. (c) LRTV. (d) NAIRLMA. (e) PARAFAC. (f) LRTA.
(g) SRLR. (h) SSLR.

It indicates that with an optimal choice of w, the denoising
result can still be reasonably good. In this paper, the size of the
patch is selected as w = 8 for all the experiments. Similarly,
we discuss how to select the number of the nonlocal similar
patches, and the related experimental results of MPSNR versus
the m are displayed in Fig. 19(b), with the other parameters
fixed. It can be observed that when m = 70, the proposed
method achieves the best MPSNR. We can also observe
that MPSNR encounters a slight decline when m increases
from 70 to 90. This is mainly because that the similarity

within a cluster cannot be guaranteed when m is big. That is,
the parameter m is optimal when the denoising performance
would no longer decrease much.
2) Parameter Settings of η, ρ, β, and γ : The approaches
in [54] and [55] presented well-developed sparse representation in the context of a Bayesian framework. Here, we borrow
ideas from their formulation and apply them to provide an
explicit way to adaptively set the parameter η for different
clusters and noise levels. We consider the case where the
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MPSNR values change. (a) Relationship between MPSNR and the patch size w. (b) Relationship between MPSNR and the patch number m.

observation Y is contaminated with additive Gaussian noise
(with standard deviation σ ). Under the Bayesian framework,
the estimation of sparsity vector α can be cast as a maximum
a posteriori problem
α̂ = arg max P(α|Y ) = arg max P(Y |α)P(α)
α

α

= arg min{−logP(Y |α) − logP(α)}
α

(33)

where the two terms correspond to the likelihood and prior
terms, respectively. The likelihood term can be characterized as
1
1
exp − 2 Y − X2F
P(Y |α) = √
2σ
2πσ
 ρ

1
k k 2
√
×
exp
R
X
−
D
α

k
F
2σ 2
2π/γ σ
(34)
 √

k
c
2cα
√
exp −
(35)
P(α) =
δk
2δ k
where α k is the kth elements of α, δ k is the standard deviations
of α k , and c is a predefined constant. Substituting (34) and (35)
into (33) gives
α̂ = arg max Y − X 2F
α

+

K


ρRk X −

k=1

D k α k 2F

√
2 2σ 2 k
+c
α 1 . (36)
δk

Consequently, we have

√
2 2σ 2
ηi = c
.
δk

(37)

In practice, standard deviations δ k for each cluster can
be estimated from the sets of α belonging to cluster G k ,
respectively. We set c = 0.3 in the experiments. The parameter
ρ controls the error of sparse coding. In our simulated data
experiments, we initialize ρ = 30/σ and σ is the standard
variance of heavy Gaussian noise in Washington DC Mall data
set, and ρ = 1.2/σ and σ fixed standard variance of mixed

Gaussian–Poisson noise after the VST in San Diego data set.
In our real data experiment, we empirically set ρ = 1.3 on
multiple attempts in first iteration. During the iterative process,
we gradually increase the value of ρ and the error will decrease
with the increasing iterations.
The auxiliary variable U should be close to the estimated X.
The regularization parameter β will gradually increase, where
the error between the two variables will decrease with the
iterations increasing. In all experiments, we initialize β as
100 and update it by β (l+1) = 1.05β (l). Similarly, we initialize
γ = 100 and update it by γ (l+1) = 1.05γ (l).
3) Parameter Settings of μ and λ: The parameters of
μ and λ balance the regularizations from the spectral domain
LR and spatial domain LR, respectively. Generally, they are
dependent on noise variance and data size [56], [57], which
should be large if the noise variance and√data√
size are large.
n1,
n2)σ , where
In
our
experiments,
we
set
μ
=
max(
√
√
n1 and n2 are the row and column of the reshaped 2-D
matrix, respectively. From the analysis of the LR property in
Section I, LR performed on patch cluster is able to achieve a
lower rank than that on the global spectral correlation. Therefore, in the settings of parameters μ and λ, we also have to
consider the truth that the nonlocal low-rankness regularization
over the spatial domain is stronger than√global
√ LR across the
spectral domain. We set λ = q · max( n1, n2)σ and tune
q from 1 to 20 with interval 1. Based on the simulated data
experiment in Washington DC Mall under σ = 50, it is not
difficult to observe that both MPSNR and MSSIM values of
the SSLR solver are largest when q is about 11 as Fig. 20.
Then, this nonlocal low-rankness
√ regularization parameter is
√
also set λ = 11 · max( n1, n2)σ in all the simulated
data experiments.
empirically set
√ In real data experiment,
√ we √
√
μ = max( n1, n2) and μ = 11 · max( n1, n2).
4) Analysis of Computational Complexity: In this section,
we will analyze the computational complexity of the proposed
algorithm that mainly consists of four parts.
1) Computing the k-NN nearest neighbors searching each
patch within a window of size W × W , while
the complexity of computing the k-NN per-patch is
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Fig. 20.
values.
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√
√
Sensitivity analysis of parameter λ (q from 1 to 20 with λ = q · max( n1, n2)σ ). (a) Change in the MPSNR values. (b) Change in the MSSIM
TABLE V
C OMPARISONS OF C OMPUTATIONAL T IME FOR THE D ENOISING M ETHODS ( IN S ECONDS )

O(K Gm(W 2 + log W 2 )), where K is the number of
performed patch grouping, G is the number of extracted
similar patches, and m is the number of similar patches.
2) Sparse coding and dictionary learning for all clusters,
the complexities of updating of α and S are O(m)
and O(2w6 B 3 +w4 B 2 m), respectively. The complexities
of updating auxiliary variable Z and dictionary D are
O(w2 Bm) and O(2w2 Bm 2 + m). The overall complexity of sparse coding and nonlocal dictionary learning is
O(J (w6 B 3 + w2 Bm 2 )).
3) The complexity of updating another auxiliary variable
U is O(2M N B 2 + B).
4) We can compute X with the cost of O(M N B). Thus,
the overall computational complexity of our algorithm
per iteration is O(L(K Gm(W 2 +log W 2 ))+L J (w6 B 3 +
w2 Bm 2 ) + L(M N B 2 + M N B + B)).
Furthermore, we compare the computational efficiency with
the other LR matrix/tensor algorithms in Table V. Our proposed method is slower than some LR methods, such as
LRMR, NAILRMA, LRTV, LRTA, and PARAFAC, while it
is faster than SRLR, i.e., SRLR constraint. The primary cause
is that proposed SSLR contributes most of the processing time
in the nonlocal self-similarity searching and optimization procedure compared with LRMR, NAILRMA, LRTV, LRTA, and
PARAFAC. However, the methods based on SRLR constraint
consume most of the execution time in the sparse coding stage.
For the optimization procedure, we split the sparse coding
problem into several subproblems with closed-form solution
in ADMM framework, which speeds up the required operation
times.
VI. C ONCLUSION
In this paper, we have proposed an SSLR method for HSI
noise removal. In the SSLR model, the spectral LR constraint

is utilized to effectively remove the noise across spectral
domain, by exploring the spectral similarity. Meanwhile,
the nonlocal spatial LR regularization is adopted to alleviate
the problem of sparse coding methods, and enables better
performances on spatial noise reduction. The SSLR constraints
are integrated into a unified framework and complement each
other. Under the nonlocal spatial LR information confirmed,
the global spectral LR constraint can provide an enhanced
clean HSI, and in return helps to promote the sparse coding
for spatial LR component. Furthermore, the tradeoff between
the spectral LR and the spatial nonlocal LR implies that the
strong spatial regularization is added to the clean image. The
proposed method was compared with state-of-the-art restoration methods on both simulated and real HSIs. The experimental results confirmed the efficiency of the proposed method
for hyperspectral denoising in both visual and quantitative
assessments.
R EFERENCES
[1] J. Han, D. Zhang, G. Cheng, L. Guo, and J. Ren, “Object detection in
optical remote sensing images based on weakly supervised learning and
high-level feature learning,” IEEE Trans. Geosci. Remote Sens., vol. 53,
no. 6, pp. 3325–3337, Jun. 2015.
[2] L. Zhang, L. Zhang, D. Tao, and X. Huang, “On combining multiple
features for hyperspectral remote sensing image classification,” IEEE
Trans. Geosci. Remote Sens., vol. 50, no. 3, pp. 879–893, Mar. 2012.
[3] J. Li, H. Zhang, Y. Huang, and L. Zhang, “Hyperspectral image
classification by nonlocal joint collaborative representation with a locally
adaptive dictionary,” IEEE Trans. Geosci. Remote Sens., vol. 52, no. 6,
pp. 3707–3719, Jun. 2014.
[4] L. Fang, S. Li, X. Kang, and J. A. Benediktsson, “Spectral–spatial hyperspectral image classification via multiscale adaptive sparse representation,” IEEE Trans. Geosci. Remote Sens., vol. 52, no. 12, pp. 7738–7749,
Dec. 2014.
[5] H. Zhang, J. Li, Y. Huang, and L. Zhang, “A nonlocal weighted joint
sparse representation classification method for hyperspectral imagery,”
IEEE J. Sel. Topics Appl. Earth Observ. Remote Sens., vol. 7, no. 6,
pp. 2056–2065, Jun. 2014.

XUE et al.: JOINT SPATIAL AND SPECTRAL LR REGULARIZATION FOR HSI DENOISING

[6] J. Li, J. M. Bioucas-Dias, and A. Plaza, “Semisupervised hyperspectral image segmentation using multinomial logistic regression with
active learning,” IEEE Trans. Geosci. Remote Sens., vol. 48, no. 11,
pp. 4085–4098, Nov. 2010.
[7] J. M. Bioucas-Dias et al., “Hyperspectral unmixing overview: Geometrical, statistical, and sparse regression-based approaches,” IEEE J. Sel.
Topics Appl. Earth Observ. Remote Sens., vol. 5, no. 2, pp. 354–379,
Apr. 2012.
[8] M.-D. Iordache, J. Bioucas-Dias, and A. Plaza, “Sparse unmixing of
hyperspectral data,” IEEE Trans. Geosci. Remote Sens., vol. 49, no. 6,
pp. 2014–2039, Jun. 2011.
[9] D. W. J. Stein, S. G. Beaven, L. E. Hoff, E. M. Winter, A. P. Schaum,
and A. D. Stocker, “Anomaly detection from hyperspectral imagery,”
IEEE Signal Process. Mag., vol. 19, no. 1, pp. 58–69, Jan. 2002.
[10] L. Zhang, L. Zhang, D. Tao, and X. Huang, “Sparse transfer manifold
embedding for hyperspectral target detection,” IEEE Trans. Geosci.
Remote Sens., vol. 52, no. 2, pp. 1030–1043, Feb. 2014.
[11] A. Buades, B. Coll, and J.-M. Morel, “A non-local algorithm for image
denoising,” in Proc. IEEE Comput. Soc. Conf. Comput. Vis. Pattern
Recognit., vol. 2. San Diego, CA, USA, Jun. 2005, pp. 60–65.
[12] M. Elad and M. Aharon, “Image denoising via sparse and redundant
representations over learned dictionaries,” IEEE Trans. Image Process.,
vol. 15, no. 12, pp. 3736–3745, Dec. 2006.
[13] K. Dabov, A. Foi, V. Katkovnik, and K. Egiazarian, “Image denoising
by sparse 3-D transform-domain collaborative filtering,” IEEE Trans.
Image Process., vol. 16, no. 8, pp. 2080–2095, Aug. 2007.
[14] L. Zhang, W. Dong, D. Zhang, and G. Shi, “Two-stage image denoising
by principal component analysis with local pixel grouping,” Pattern
Recognit., vol. 43, no. 4, pp. 1531–1549, 2010.
[15] J. V. Manjón, P. Coupé, L. Martí-Bonmatí, D. L. Collins, and M. Robles,
“Adaptive non-local means denoising of MR images with spatially
varying noise levels,” J. Magn. Reson. Imag., vol. 31, no. 1, pp. 192–203,
Jan. 2010.
[16] G. Chen and S.-E. Qian, “Denoising of hyperspectral imagery using
principal component analysis and wavelet shrinkage,” IEEE Trans.
Geosci. Remote Sens., vol. 49, no. 3, pp. 973–980, Mar. 2011.
[17] L. Sendur and I. W. Selesnick, “Bivariate shrinkage with local variance
estimation,” IEEE Signal Process. Lett., vol. 9, no. 12, pp. 438–441,
Dec. 2002.
[18] I. W. Selesnick, R. G. Baraniuk, and N. C. Kingsbury, “The dual-tree
complex wavelet transform,” IEEE Signal Process. Mag., vol. 22, no. 6,
pp. 123–151, Nov. 2005.
[19] Q. Yuan, L. Zhang, and H. Shen, “Hyperspectral image denoising with
a spatial–spectral view fusion strategy,” IEEE Trans. Geosci. Remote
Sens., vol. 52, no. 5, pp. 2314–2325, May 2014.
[20] X. Zhu and P. Milanfar, “Automatic parameter selection for denoising algorithms using a no-reference measure of image content,”
IEEE Trans. Image Process., vol. 19, no. 12, pp. 3116–3132,
Dec. 2010.
[21] P. Zhong and R. Wang, “Multiple-spectral-band CRFs for denoising junk
bands of hyperspectral imagery,” IEEE Trans. Geosci. Remote Sens.,
vol. 51, no. 4, pp. 2260–2275, Apr. 2013.
[22] A. Lam, I. Sato, and Y. Sato, “Denoising hyperspectral images using
spectral domain statistics,” in Proc. IEEE Int. Conf. Pattern Recognit.,
Nov. 2012, pp. 477–480.
[23] E. J. Candès, X. Li, Y. Ma, and J. Wright, “Robust principal component
analysis?” J. ACM, vol. 58, no. 3, p. 11, May 2011.
[24] X. Cao et al., “Low-rank matrix factorization under general mixture
noise distributions,” in Proc. IEEE Int. Conf. Comput. Vis., Dec. 2015,
pp. 1493–1501.
[25] Y.-Q. Zhao and J. Yang, “Hyperspectral image denoising via sparse
representation and low-rank constraint,” IEEE Trans. Geosci. Remote
Sens., vol. 53, no. 1, pp. 296–308, Jan. 2015.
[26] H. Zhang, W. He, L. Zhang, H. Shen, and Q. Yuan, “Hyperspectral
image restoration using low-rank matrix recovery,” IEEE Trans. Geosci.
Remote Sens., vol. 52, no. 8, pp. 4729–4743, Aug. 2014.
[27] T. Zhou and D. Tao, “GoDec: Randomized low-rank & sparse matrix
decomposition in noisy case,” in Proc. Int. Conf. Mach. Learn., 2011,
pp. 33–40.
[28] W. He, H. Zhang, L. Zhang, and H. Shen, “Hyperspectral image
denoising via noise-adjusted iterative low-rank matrix approximation,”
IEEE J. Sel. Topics Appl. Earth Observ. Remote Sens., vol. 8, no. 6,
pp. 3050–3061, Jun. 2015.
[29] W. He, H. Zhang, L. Zhang, and H. Shen, “Total-variation-regularized
low-rank matrix factorization for hyperspectral image restoration,” IEEE
Trans. Geosci. Remote Sens., vol. 54, no. 1, pp. 178–188, Jan. 2016.

1957

[30] Y. Xie, Y. Qu, D. Tao, W. Wu, Q. Yuan, and W. Zhang, “Hyperspectral
image restoration via iteratively regularized weighted Schatten p-norm
minimization,” IEEE Trans. Geosci. Remote Sens., vol. 54, no. 8,
pp. 4642–4659, Aug. 2016.
[31] Y. Fu, Y. Zheng, I. Sato, and Y. Sato, “Exploiting spectral-spatial
correlation for coded hyperspectral image restoration,” in Proc. IEEE
Int. Conf. Comput. Vis. Pattern Recognit., Jun. 2016, pp. 3727–3736.
[32] N. Renard, S. Bourennane, and J. Blanc-Talon, “Denoising and dimensionality reduction using multilinear tools for hyperspectral images,”
IEEE Trans. Geosci. Remote Sens. Lett., vol. 5, no. 2, pp. 138–142,
Apr. 2008.
[33] L. R. Tucker, “Some mathematical notes on three-mode factor analysis,”
Psychometrika, vol. 31, no. 3, pp. 279–311, 1966.
[34] X. Liu, S. Bourennane, and C. Fossati, “Denoising of hyperspectral
images using the PARAFAC model and statistical performance analysis,”
IEEE Trans. Geosci. Remote Sens., vol. 50, no. 10, pp. 3717–3724,
Oct. 2012.
[35] J. D. Carroll and J.-J. Chang, “Analysis of individual differences in
multidimensional scaling via an n-way generalization of ‘Eckart–Young’
decomposition,” Psychometrika, vol. 35, no. 3, pp. 283–319, Sep. 1970.
[36] Y. Peng, D. Meng, Z. Xu, C. Gao, Y. Yang, and B. Zhang, “Decomposable nonlocal tensor dictionary learning for multispectral image
denoising,” in Proc. IEEE Int. Conf. Comput. Vis. Pattern Recognit.,
Jun. 2014, pp. 2949–2956.
[37] Q. Xie et al., “Multispectral images denoising by intrinsic tensor sparsity
regularization,” in Proc. IEEE Int. Conf. Comput. Vis. Pattern Recognit.,
Jun. 2016, pp. 1692–1700.
[38] Y. Qian and M. Ye, “Hyperspectral imagery restoration using nonlocal
spectral-spatial structured sparse representation with noise estimation,”
IEEE J. Sel. Topics Appl. Earth Observ. Remote Sens., vol. 6, no. 2,
pp. 499–515, Apr. 2013.
[39] D. H. Marimont and B. A. Wandell, “Linear models of surface and
illuminant spectra,” J. Opt. Soc. Amer. A, Opt. Image Sci., vol. 9, no. 11,
pp. 1905–1913, 1992.
[40] E. J. Candès and B. Recht, “Exact matrix completion via convex
optimization,” Commun. ACM, vol. 55, no. 6, pp. 111–119, 2012.
[41] Y. Wang, J. Yang, W. Yin, and Y. Zhang, “A new alternating minimization algorithm for total variation image reconstruction,” SIAM J. Imag.
Sci., vol. 1, no. 3, pp. 248–272, Aug. 2008.
[42] S. Gu, L. Zhang, W. Zuo, and X. Feng, “Weighted nuclear norm
minimization with application to image denoising,” in Proc. IEEE Int.
Conf. Comput. Vis. Pattern Recognit., Jun. 2014, pp. 2862–2869.
[43] M. V. Afonso, J. M. Bioucas-Dias, and M. A. T. Figueiredo, “An augmented Lagrangian approach to the constrained optimization formulation
of imaging inverse problems,” IEEE Trans. Image Process., vol. 20,
no. 3, pp. 681–695, Mar. 2011.
[44] M. V. Afonso, J.-M. Bioucas-Dias, and M. A. T. Figueiredo, “Fast image
recovery using variable splitting and constrained optimization,” IEEE
Trans. Image Process., vol. 19, no. 9, pp. 2345–2356, Sep. 2010.
[45] J. Yang and Y. Zhang, “Alternating direction algorithms for 1 -problems
in compressive sensing,” SIAM J. Sci. Comput., vol. 33, no. 1,
pp. 250–278, 2011.
[46] I. Daubechies, M. Defrise, and C. De Mol, “An iterative thresholding algorithm for linear inverse problems with a sparsity constraint,” Commun. Pure Appl. Math., vol. 57, no. 11, pp. 1413–1457,
Nov. 2004.
[47] W. Deng and W. Yin, “On the global and linear convergence of the
generalized alternating direction method of multipliers,” J. Sci. Comput.,
vol. 66, no. 3, pp. 889–916, Mar. 2016.
[48] J.-F. Cai, E. J. Candes, and Z. Shen, “A singular value thresholding
algorithm for matrix completion,” SIAM J. Optim., vol. 20, no. 4,
pp. 1956–1982, 2010.
[49] Z. Wang, A. C. Bovik, H. R. Sheikh, and E. P. Simoncelli, “Image
quality assessment: From error visibility to structural similarity,” IEEE
Trans. Image Process., vol. 13, no. 4, pp. 600–612, Apr. 2004.
[50] L. Zhang, L. Zhang, X. Mou, and D. Zhang, “FSIM: A feature similarity
index for image quality assessment,” IEEE Trans. Image Process.,
vol. 20, no. 8, pp. 2378–2386, Aug. 2011.
[51] L. Wald, Data Fusion: Definitions and Architectures: Fusion of Images
of Different Spatial Resolutions. Paris, France: Presses des lEcole
MINES, 2002.
[52] R. H. Yuhas, J. W. Boardman, and A. F. H. Goetz, “Determination
of semi-arid landscape endmembers and seasonal trends using convex
geometry spectral unmixing techniques,” in Proc. Summaries 4th Annu.
JPL Airborne Geosci. Workshop, vol. 1. 1993, pp. 205–208.

1958

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 56, NO. 4, APRIL 2018

[53] M. Makitalo and A. Foi, “Optimal inversion of the generalized
Anscombe transformation for Poisson–Gaussian noise,” IEEE Trans.
Image Process., vol. 22, no. 1, pp. 91–103, Jan. 2013.
[54] W. Dong, L. Zhang, G. Shi, and X. Li, “Nonlocally centralized sparse
representation for image restoration,” IEEE Trans. Image Process.,
vol. 22, no. 4, pp. 1620–1630, Apr. 2013.
[55] L. Sendur and I. W. Selesnick, “Bivariate shrinkage functions for
wavelet-based denoising exploiting interscale dependency,” IEEE Trans.
Signal Process., vol. 50, no. 11, pp. 2744–2756, Nov. 2002.
[56] H. Ji, S. Huang, Z. Shen, and Y. Xu, “Robust video restoration by joint
sparse and low rank matrix approximation,” SIAM J. Imag. Sci., vol. 4,
no. 4, pp. 1122–1142, 2011.
[57] E. J. Candès and Y. Plan, “Matrix completion with noise,” Proc. IEEE,
vol. 98, no. 6, pp. 925–936, Jun. 2010.

Jize Xue received the B.S. degree in mathematics
and applied mathematics from Shanxi Datong
University, Datong, China, in 2014, and the M.S.
degree in control engineering from Northwestern
Polytechnical University, Xian, China, in 2017,
where he is currently pursuing the Ph.D. degree
with the School of Automation.
His research interests include hyperspectral
image processing, tensor completion, and pattern
recognition.

Yongqiang Zhao (M’05) received the B.S., M.S.,
and Ph.D. degrees in control science and engineering
from Northwestern Polytechnical University, Xian,
China, in 1998, 2001, and 2004, respectively.
From 2007 to 2009, he was a Post-Doctoral
Researcher with McMaster University, Hamilton,
ON, Canada, and with Temple University, Philadelphia, PA, USA. He is currently a Professor with
Northwestern Polytechnical University. His research
interests include polarization vision, hyperspectral
imaging, compressive sensing, and pattern recognition. From 2007 to 2009, he was a Post-Doctoral Researcher with McMaster
University, Hamilton, ON, Canada, and with Temple University, Philadelphia,
PA, USA. He is currently a Professor with Northwestern Polytechnical
University. His research interests include polarization vision, hyperspectral
imaging, compressive sensing, and pattern recognition.

Wenzhi Liao (S’10–M’14–SM’16) received the
B.S. degree in mathematics from Hainan Normal
University, Haikou, China, in 2006, the Ph.D. degree
in engineering from the South China University of
Technology, Guangzhou, China, in 2012, and the
Ph.D. degree in computer science engineering from
Ghent University, Ghent, Belgium, in 2012.
Since 2012, he has been a Post-Doctoral
Researcher with Ghent University and a
Post-Doctoral Fellow with the Fund for Scientific
Research, Flanders (FWO), Bruxelles, Belgium.
His research interests include pattern recognition, remote sensing, and
image processing, with a particular focus on mathematical morphology,
multitask feature learning, multisensor data fusion, and hyperspectral image
restoration.
Dr. Liao is a member of the Geoscience and Remote Sensing
Society (GRSS) and the IEEE GRSS Data Fusion Technical Committee.
He was a recipient of the Best Paper Challenge Awards from the 2013 IEEE
GRSS Data Fusion Contest and the 2014 IEEE GRSS Data Fusion Contest.
He serves as an Associate Editor for the IET Image Processing.

Seong G. Kong (SM’03) received the B.S. and
M.S. degrees in electrical engineering from Seoul
National University, Seoul, South Korea, in 1982 and
1987, respectively, and the Ph.D. degree in electrical engineering from the University of Southern
California, Los Angeles, CA, USA, in 1991.
He was an Associate Professor of electrical
and computer engineering with the University of
Tennessee, Knoxville, TN, USA, and with Temple
University, Philadelphia, PA, USA. He was also the
Chair with the Department of Electrical Engineering,
Soongsil University, Seoul, and the Graduate Program Director with the
Electrical and Computer Engineering Department, Temple University. He is
currently a Professor of computer engineering and the Director of strategic
planning with Sejong University, Seoul. His research interests include image
processing, computer vision, hyperspectral imaging, and intelligent systems.
Dr. Kong was a recipient of the Honorable Mention Paper Award from the
American Society of Agricultural and Biological Engineers in 2005 and the
Most Cited Paper Award from the Computer Vision and Image Understanding
journal in 2007 and 2008. He was an Associate Editor of the IEEE T RANS ACTIONS ON N EURAL N ETWORKS and the Guest Editor of the Journal of
Sensors.

